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Abstract
Spontaneous chiral symmetry breaking is one of the most important fea-
tures in low-energy QCD. The chiral symmetry is expected to be restored at
very high temperature and/or density. Accompanied by the chiral phase tran-
sition, properties of hadrons will be changed especially near the critical point.
The study of the phenomena associated with the chiral phase transition will
give us some clues on the connection between the chiral symmetry and the
low-energy hadron dynamics.
We develop the theory based on the hidden local symmetry (HLS) at finite
temperature, which is an effective field theory of QCD and includes pions and
vector mesons as the dynamical degrees of freedom, and study the chiral phase
transition in hot matter. We show that the chiral symmetry is restored as
the vector manifestation (VM), in which the massless degenerate pion (and
its flavor partners) and the longitudinal ρ meson (and its flavor partners) as
the chiral partner. We also present several predictions based on the VM.
We estimate the critical temperature Tc and show the following phenomena
near Tc: the vector charge susceptibility becomes equal to the axial-vector
charge susceptibility; the vector dominance of the electromagnetic form factor
of the pion is largely violated; the pion velocity is close to the speed of light.
Furthermore, we show that the remnant of the VM can be clearly seen in
the system of heavy mesons. We expect that the VM and its predictions are
testable by current and future experiments and the lattice analysis.
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Chapter 1
Introduction
Quantum Chromo Dynamics (QCD) is the theory which governs the dynamics of quarks and
gluons, and eventually the hadron dynamics. The QCD Lagrangian has an approximate global
chiral symmetry in the light quark sector. The QCD vacuum, however, holds no longer the
chiral symmetry which is spontaneously broken down caused by its strongly interacting dy-
namics. Spontaneous chiral symmetry breaking is one of the most important features in
low-energy QCD. The phenomena of the light pseudoscalar mesons (the pion and its flavor
partner), which are regarded as the approximate Nambu-Goldstone bosons associated with
the symmetry breaking, are well described by the symmetry property in the low-energy re-
gion.
For the purpose to clarify the connection between the low-energy phenomena and the chiral
symmetry, one of the most important techniques to study them is using effective field theories
(EFTs) in which a systematic low-energy expansion is done, as in the chiral perturbation
theory (ChPT). The EFTs are constructed based on the chiral symmetry, in which the non-
perturbative effects are “dressed” around the (bare) quarks and gluons and the fundamental
degrees of freedom are replaced with the relevant ones in the low-energy region, i.e., hadrons.
In general, the EFTs have many parameters like hadron masses and coupling constants. Some
of them can be determined in low-energy limit by the chiral symmetry, however others are not
completely restricted by only the symmetry. When one performs the matching of the EFT
to QCD to determine the parameters of the EFT, one can clarify how the hadron physics
succeeds the dynamics of underlying QCD. Furthermore, including quantum effects into the
parameters, we can understand the hadron physics based on QCD from many different angles
and clarify the non-perturbative aspects of QCD.
However, the mechanism how hadrons acquire their masses as a result of the dynamics
5
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is still an open problem of QCD. In order to find out some clues on this issue, it is efficient
to consider a world where the QCD vacuum holds the chiral symmetry. Although the chiral
symmetry is spontaneously broken in the real world, it is expected to be restored under some
extreme conditions, e.g., very high temperature and/or density. Properties of hadrons will be
changed at finite temperature/density, especially near the critical point of the chiral symmetry
restoration [1, 2, 3, 4, 5, 6, 7].
Both theoretically and experimentally, it is important to investigate the physics near the
phase transition point. In fact, the CERN Super Proton Synchrotron (SPS) observed an
enhancement of dielectron (e+e−) mass spectra below the ρ/ω resonance [8]. This can be
explained by the dropping mass of the ρ meson (see, e.g., Refs. [9, 3, 6]) associated with
the chiral symmetry restoration following the Brown-Rho scaling proposed in Ref. [10]. The
Relativistic Heavy Ion Collider (RHIC) has started to measure several physical processes in
hot matter which include the dilepton energy spectra. In near future, the CERN Large Hadron
Collider (LHC) and GSI are planning to measure them. These experiments will further clarify
the properties of vector mesons in hot matter.
As indicated by the SPS data, the vector meson is the one of important degrees of freedom
in studying the phenomena near the QCD phase transition. The theory based on the hidden
local symmetry [11, 12] is an EFT including both pions and vector mesons, where the low-
energy expansion is systematically done (for details, see Ref. [13]). The HLS theory has a wider
energy range of the validity than the ordinary ChPT. In this thesis, we review the construction
of the HLS theory in hot matter and its application to the chiral phase transition following
Refs. [14, 15, 16, 17, 18].
There is no strong restriction concerning vector meson masses in the standard scenario of
chiral symmetry restoration, where the pion joins with the scalar meson in the same chiral
representation [see for example, Refs. [1, 19, 20]]. However there is a scenario which cer-
tainly requires the dropping mass of the vector meson and supports the Brown-Rho scaling:
In Ref. [21], it was proposed that there can be another possibility for the pattern of chiral
symmetry restoration, the vector manifestation (VM). The VM was proposed as a novel man-
ifestation of the chiral symmetry in the Wigner realization, in which the chiral symmetry is
restored by the massless degenerate pion (and its flavor partners) and the longitudinal ρ meson
(and its flavor partners) as the chiral partner. In terms of the chiral representations of the
low-lying mesons, there is a representation mixing in the vacuum [21, 13]. Approaching the
critical point, we find that there are two possibilities for the pattern of the chiral symmetry
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restoration (see chapter 5): One possible pattern is the standard scenario and another is the
VM. Both of them are on an equal footing with each other in terms of the chiral representa-
tions. It is worthwhile to study the physics associated with the VM as well as that with the
standard scenario of the chiral symmetry restoration.
It has been shown that the VM is formulated at a large number of flavor [21], critical
temperature [14] and critical density [22] by using the HLS theory, where a second order or
weakly first order phase transition was assumed. In the VM at finite temperature and/or
density, the intrinsic temperature and/or density dependences of the bare parameters of the
HLS Lagrangian played important roles to realize the chiral symmetry restoration consistently
(see chapters 4 and 5): Since the HLS theory is an EFT of underlying QCD, the parameters
of the HLS Lagrangian do depend on the temperature and/or density. In the framework of
the HLS the equality between the axial-vector and vector current correlators at the critical
point can be satisfied only if the intrinsic thermal and/or density effects are included. The
intrinsic temperature and/or density dependences are nothing but the information integrated
out which is converted from the underlying QCD through the Wilsonian matching [13, 14]. In
other words, the intrinsic effects are the signature that the hadron has an internal structure
constructed from the quarks and gluons.
The VM explains an anomalous enhancement of dielectron mass spectra observed at SPS.
This is a theoretical support of the dropping mass of ρ meson following the Brown-Rho scaling,
which can explain the SPS data.
In this thesis, we assume that only the pions and vector mesons are the relevant (light)
degrees of freedom until near the critical temperature, say Tc−ǫ, and that the chiral symmetry
is partially restored already at Tc−ǫ. Then we study whether the dropping ρ can be formulated
in some EFT. We should note that, although we assume the dropping ρmeson massmρ ∼ O(ǫ′)
as an input, it is non-trivial that the dropping ρ can actually be formulated in the framework
of quantum field theory.
Now, what happens to other mesons? In Fig. 1.1, we sketch our view of the temperature
dependences of the light mesons masses. We assume that the A1 meson is still heavy at Tc− ǫ.
The scalar mesons and their fate near Tc may be more controversial. Several pictures on the
construction of the scalar meson are proposed [see e.g., Refs. [23, 24, 25, 26]]. In our present
picture, we do not introduce the scalar mesons as the dynamical degrees of freedom into the
EFT because of the following naive speculations based on two kinds of picture on the quark
content of scalar mesons.
Two-quark state : The light scalar meson is a bound state of a quark and an anti-quark. The
CHAPTER 1. INTRODUCTION 8
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Figure 1.1: Our picture. The solid lines denote the temperature dependences of light mesons,
π, σ, ρ, A1 and f0(1370). Throughout this thesis, we concentrate on the region near Tc − ǫ
(denoted by the green ellipsis) where we assume that only the pions and vector mesons are
relevant degrees of freedom.
sigma meson mass mσ ∼ 600MeV in the real world can be explained by the existence of
the disconnected quark diagram joined by the gluon exchange [27]. At finite temperature,
we expect that the effective QCD coupling constant becomes weaker than that in the
vacuum and that mσ may go up. In that case, the mσ may go to zero in the limit T → Tc
although it might be still heavy until around Tc− ǫ. There may be a possibility that the
f0(1370) (or the mixture of σ and f0(1370)) goes down at T → Tc.
Four-quark state : The light scalar meson is a bound state of a diquark and an anti-diquark.
The sigma meson may be melted at finite temperature less than Tc since the binding
energy of qq is smaller than that of q¯q. When there exists the light scalar meson near Tc
(above Tc − ǫ), such scalar meson might be related to the f0(1370) at T = 0.
In order to understand which universality class the VM belongs to, we may need to include the
scalar and A1 mesons other than pions and vector mesons for the analysis of critical exponents.
In the chiral symmetric phase, on the other hand, an existence of some mesonic (soft) modes
is proposed [see e.g, Refs. [28, 29, 30, 31, 32]].
Throughout this thesis, we concentrate on the region out of the window near Tc − ǫ where
we assume that only the pions and vector mesons are relevant degrees of freedom. In that
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region, we will see that the dropping ρ can be formulated within the EFT including both
pions and vector mesons, related to the chiral symmetry restoration. Furthermore, the present
framework gives several physical predictions which are closely related to the dropping ρ. These
predictions can be tested in future experiments and numerical simulations on the lattice.
Now let us assume that the chiral symmetry of QCD is restored as the VM. Then can we
see some remnant of the VM in the real world? In order to answer this question, in chapter 6,
we study the heavy meson system which consists of one heavy quark and one light anti-quark
following Ref. [33]. We construct an effective Lagrangian based on the VM and heavy quark
symmetry at the restoration point, and then we introduce the effects of the spontaneous chiral
symmetry breaking to go back to the real world. We will show that the EFT can describe the
recent experimental data.
This paper is organized as follows:
In chapter 2, we give a general concept of EFTs and the matching between an EFT and
the underlying theory in the Wilsonian sense. Then we apply the Wilsonian matching to the
QCD in hot and/or dense matter. We give an account of the general idea of the intrinsic
temperature and/or density dependences of the parameters, which are inevitably introduced
as a result of the Wilsonian matching.
In chapter 3, we briefly review the HLS and the ChPT with HLS in hot matter following
Refs. [14, 16]: In section 3.1, we review the theory based on the HLS and in section 3.2, we
show details of the calculation of the hadronic thermal corrections as well as the quantum
corrections in the background field gauge. In section 3.3, we construct the axial-vector and
vector current correlators. Then in section 3.4, we study the temperature dependences of the
vector meson mass, the pion decay constant and the pion velocity. We also study the validity
of the vector dominance (VD) in hot matter. In section 3.5, we show the bare HLS Lagrangian
without Lorentz invariance.
In chapter 4, we briefly review the Wilsonian matching at finite temperature following
Refs. [14, 15, 16, 17, 18]: We extend the Wilsonian matching at zero temperature to the
version at non-zero temperature. We also study in detail the effect of Lorentz non-invariance
of the bare pion decay constants.
In chapter 5, we show how the VM is realized at the critical point in the framework of
the HLS theory. We also study the predictions of the VM in hot matter: In section 5.1, we
present the conditions for the bare parameters through the Wilsonian matching at the critical
temperature. Further, we take into account the Lorentz non-invariance in the bare HLS theory
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and present the extended conditions. Then we show that the conditions are still protected as
the fixed point of the RGEs. In section 5.2, we review the formulation of the VM in hot matter
following Ref. [16]. Then in section 5.3, we show how the pion decay constants vanish at the
critical temperature following Ref. [15]. Next, in section 5.4, we summarize the predictions of
the VM in hot matter studied in Refs. [14, 15, 16, 17, 18]: In subsection 5.4.1, we estimate the
value of the critical temperature. In subsection 5.4.2, we focus on the vector and axial-vector
susceptibilities very near the critical temperature Tc. Then we address the issue of what the
relevant degrees of freedom can be at the critical point. In subsection 5.4.3, we shed some
light on the validity of the vector dominance (VD) of electromagnetic form factor of the pion
near the critical temperature. We find that the VM predicts a large violation of the VD at the
critical temperature. This indicates that the assumption of the VD may need to be weakened,
at least in some amounts, for consistently including the effect of the dropping mass of the
vector meson. In subsection 5.4.4, we study the pion velocity at the critical temperature based
on the VM. There we show the non-renormalization property on the pion velocity at the critical
temperature, which is protected by the VM. Then using this property and through matching
to the OPE, we estimate the value of the pion velocity. In section 5.5, we discuss the critical
behavior of mρ(T ) near the critical temperature.
In chapter 6, we study the system of heavy mesons like D meson, following Ref. [33]. We
construct an EFT based on the VM and the heavy quark symmetry motivated by the recent
discovery of new D mesons (JP = 0+ and 1+) in Babar, CLEO and Belle [34, 35, 36]. We
show that the mass splitting between new D mesons and the existing D mesons (JP = 0− and
1−) is directly proportional to the light quark condensate. Further we study the characteristic
decay modes and give the predictions on the decay widths and the branching ratios.
We give a brief summary and discussions in chapter 7.
Chapter 2
Effective Field Theory and
Renormalization Group
Use of effective field theories (EFTs) is one of important implements to study strongly inter-
acting system like low-energy QCD. An EFT works only in low energy below a characteristic
scale, which is dependent on dynamics of the EFT, and is expanded in powers of momentum.
At a given order, the theory has a finite number of counter terms and thus we can perform
an order-by-order renormalization in the sense of momentum expansion although the EFT is
conventionally non-renormalized.
In this chapter, we give a general idea of EFTs and the matching between an EFT and the
underlying theory in the Wilsonian sense.
2.1 General Concept of Effective Field Theory
We consider the QCD Lagrangian with Nf massless quarks:
L(0)QCD = q¯iγµ(∂µ − igsGµ)q −
1
2
tr[GµνG
µν ] , (2.1)
with Gµ and gs being the gluon field and the QCD gauge coupling constant. The field strength
Gµν is defined by
Gµν = ∂µGν − ∂νGµ − igs[Gµ, Gν ] . (2.2)
We define the left- and right-handed quarks by
qL =
1
2
(1− γ5)q, qR = 1
2
(1 + γ5)q. (2.3)
The interacting term between qL and qR never appear in the Lagrangian. It implies that
the QCD Lagrangian has an SU(Nf)L × SU(Nf )R × U(1)V × U(1)A symmetry. In the real
11
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Figure 2.1: Schematic view of effective field theories (EFTs). Here q and g denote quarks and
gluons respectively.
world, however, the chiral symmetry is spontaneously broken down by the strongly interacting
dynamics, which makes pions to be much lighter than other hadrons. The pion are identified
as massless Nabmu-Goldstone (NG) bosons associated with the spontaneous chiral symmetry
breaking.
In the construction of an EFT valid in some energy region, it is important to specify
the relevant degrees of freedom in the energy scale as well as to respect symmetries of the
fundamental theory. The relevant degrees of freedom may be changed according to the energy
scale that one is interested in. We show a schematic view of the relation between EFTs and
their underlying QCD in Fig. 2.1: In low energies, the relevant degrees of freedom are hadrons.
Especially pion is the lightest hadron, which is the most relevant degree of freedom in low-
energy limit, and its dynamics is well described by EFTs based on the chiral symmetry of
QCD like the chiral perturbation theory (ChPT) [37, 38, 39]. Here we consider an EFT, say
EFT-A, which includes only pions as the relevant degrees of freedom. In the energy region
where the EFT-A works well, other hadrons, e.g., vector mesons, nucleons and excited states,
are sitting as the background. However at some energy scale, the EFT-A breaks down, and
then one has to go to a more suitable theory which might be an EFT: As the energy scale
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increases, other mesons like ρ mesons are elevated from the background and become relevant
degrees of freedom as well as pions. The background matter now consists of other hadrons
except for pions and ρ mesons. Thus one can switch over the EFT-A to new EFT, EFT-B,
which includes both pions and ρ mesons as the relevant degrees of freedom.
Let us consider the QCD Lagrangian with external source fields:
LQCD = L(0)QCD + q¯(γµVµ + γ5γµAµ)q − q¯(S − iP)q , (2.4)
where the external vector (Vµ), axial-vector (Aµ), scalar (S) and pseudoscalar (P) fields are
the hermitian Nf×Nf matrices in flavor space. If there is an explicit chiral symmetry breaking,
it is introduced as the vacuum expectation value (VEV) of S. In the case of Nf = 3,
〈S〉 =M = diag(mu, md, ms). (2.5)
The following functional of a set of source fields denoted by J ,
Z[J ] =
∫
DqDq¯DG exp
[
i
∫
d4xLQCD[q, q¯, G; J ]
]
, (2.6)
generates Green’s functions which have important information of the system. The basic concept
of the EFT is based on the following assumption: The effective Lagrangian, which has the most
general form constructed from the chiral symmetry, can give the same generating functional
as in Eq. (2.6):
Z[J ] =
∫
DU exp
[
i
∫
d4xLeff [U ; J ]
]
, (2.7)
where U denotes the relevant hadronic fields such as the pion fields and Leff is an Lagrangian
expressed in terms of these hadrons. In the ChPT, Nf × Nf special-unitary matrix U is
parametrized by the pseudoscalar fields π = πaTa as
U = e2iπ/Fpi , (2.8)
where Fπ denotes the pion decay constant. The leading Lagrangian in the chiral limit is given
by [38, 40]
LChPT(2) =
F 2π
4
tr[DµU
†DµU ], (2.9)
where Dµ is the covariant derivative acting on U .
Corresponding to each Green’s function derived from Eq. (2.6), we have the same Green’s
function obtained from the EFT through Eq. (2.7). We should note that according to the
energy scale, the relevant degrees of freedom are different although both fundamental (q and
g) and hadronic (U) degrees of freedom are integrated over all configuration space.
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Figure 2.2: Separation over two regions (hard and soft). A crossover region where both theories
are available is assumed. In this region, we can perform the matching between two theories.
The idea mentioned above is the most general construction of EFTs, where only the chiral
symmetry gives constraints for the forms of the effective Lagrangian. Thus various EFTs
consistent with the chiral symmetry form an “EFT space” and the real QCD holds a some
region in the EFT space.
2.2 Matching in the Wilsonian Sense
In general, an EFT has many parameters like masses and coupling constants among hadrons.
We can determine them by performing the matching between two Green’s functions, Eqs. (2.6)
and (2.7) at a scale.
In some matching schemes, the renormalized parameters of the EFT are determined from
QCD. On the other hand, the matching in the Wilsonian sense is performed based on the
following general idea:
Step 1 We imagine a some high-energy scale Λ which separates the perturbative (hard) region
from the non-perturbative (soft) region [see Fig. 2.2]. Although the quarks and gluons are
relevant degrees of freedom in the hard region, they are not relevant anymore in the soft
region. Then we assume that one can replace the quarks and gluons with hadrons since
“bare” quarks and gluons in the QCD Lagrangian become “dressed” ones by integrating
out the high-energy quarks and gluons (i.e., the quarks and gluons above Λ), which
eventually form hadrons.
Step 2 Under the above replacement of the degrees of freedom at Λ, we define the EFT at
Λ as the bare EFT. Thus the generating functional derived from the bare EFT leads to
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the same Green’s function as that derived from Eq. (2.6) at Λ. The bare parameters of
the EFT are determined after integrating out the quarks and gluons above Λ, and then
carry information of the underlying QCD.
Once the bare theory is determined through the matching following the above steps, we
can obtain the physical quantities in low-energy region within the EFT including quantum
corrections, for instance, by using renormalization group equations (RGEs).
It is worthwhile mentioning the difference from the way to determine the renormalized
parameters of the EFT through the matching to QCD. In this scheme, the theory at the
matching scale Λ is full quantum (i.e., renormalized) theory which is achieved by starting over
in low energies. While in the Wilsonian matching, one starts from the bare theory defined
at Λ, and in order-by-order renormalizes quantum effects into the parameters to go down
to low-energy scales. Both of them are almost equivalent in the case that Λ is much larger
than a characteristic scale M of the EFT, e.g, energy, temperature and density. In this case,
correctionsO(M/Λ) are neglected and we can replace the bare parameter with the renormalized
one at Λ and vice versa.
2.3 Application to Hot and/or Dense Matter
In this section, we apply the Wilsonian matching to the QCD in hot and/or dense matter. We
first give an account of the general idea of the intrinsic temperature and/or density dependences
of the bare parameters, which are inevitably introduced as a result performed the Wilsonian
matching. We also discuss the effect of Lorentz symmetry violation at bare level.
In the following, we consider that one performs the Wilsonian matching of the EFT-B shown
in Fig. 2.1 to perturbative QCD at finite temperature and/or density: In order to obtain
the bare EFT-B, we integrate out high frequency modes in hot and/or dense matter. The
hard modes integrated out are converted into the bare parameters and thus the temperature
and/or density carried by them become temperature and/or density dependences of the bare
parameters. We call the thermal and/or dense effects as intrinsic temperature and/or density
dependences. They carry the information without (or behind) the EFT-B, i.e., the information
of the underlying theory QCD. Ordinary hadronic thermal and/or dense effects are carried by
the relevant degrees of freedom below Λ, π and ρ, which are generated by dynamics of the
soft region. Thus in the Wilsonian matching, we can for convenience distinguish two kinds of
temperature and/or density dependences:
Intrinsic temperature and/or density dependences : Carried by the relevant degrees of
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freedom above Λ (hard region). Such degrees of freedom are integrated out in the EFT-B
and contribute to bare parameters.
Hadronic temperature and/or density dependences : Carried by the relevant degrees
of freedom below Λ (soft region). Such degrees of freedom interact to heat/particle bath
and generate thermal and/or dense effects which appear in the Bose/Fermi distribution
functions.
In the present case, the hard modes integrated out are all hadronic degrees of freedom except
for π and ρ relevant below Λ. It should be noted that the intrinsic effects never appear in the
bare parameters if one does not take into account these “residual” degrees of freedom. However,
temperature and/or density of the system are provided by the hadronic matter formed by all
hadronic degrees of freedom. The matter including only π andρ is not identical with the QCD
matter. Thus we need to take into account “all the others” never incorporated in system
within the EFT, which enable us to include the intrinsic effects.
Further, according to Step 1 mentioned in the previous section, we replace the hard modes
with the quarks and gluons above Λ. The replacement indicates the following: The intrinsic
temperature and/or density dependences are nothing but the signature that the hadron has
an internal structure constructed from the quarks and gluons. This is similar to the situation
where the coupling constants among hadrons are replaced with the momentum-dependent
form factor in higher energy region since the hadronic picture becomes irrelevant. Thus the
intrinsic thermal and/or dense effects play more important roles in the higher temperature
region, especially near the phase transition point.
Intrinsic thermal/dense effects also cause Lorentz non-invariance in the bare theory: At
finite temperature and/or density, theory has no longer the Lorentz invariance since we specify
the rest frame of medium. The Lorentz non-invariance of hot and/or dense QCD is generated
through the dynamics of quarks and gluons. Then the QCD Lagrangian takes the Lorentz
invariant form. On the other hand, parameters of EFT have implicitly the information of the
fundamental theory as the intrinsic effects. Thus the intrinsic temperature and/or density
dependences carry the Lorentz non-invariance of hot/dense QCD, and eventually they cause
the Lorentz symmetry breaking in the bare EFT.
Chapter 3
Hidden Local Symmetry Theory at
Finite Temperature
The hidden local symmetry (HLS) theory [11, 12] is a natural extension of the non-linear
chiral Lagrangian and it can describe a system including both pseudoscalars (pions) and vector
mesons. In the present framework, the vector meson is introduced as the gauge boson of the
HLS. We can introduce the vector mesons in other frameworks, e.g., matter field [41], massive
Yang-Mills [42, 43, 44, 45, 46] and anti-symmetric tensor field [38, 47]. It was shown that these
models are equivalent with the HLS theory at tree level [41, 48, 49, 50, 51, 52, 53]. However it is
the most important advantage using the HLS theory that the systematic low-energy expansion
can be performed.
In this chapter, we first briefly review the HLS and the chiral perturbation theory (ChPT)
with HLS. (For details, see Ref. [13].) Next we apply the HLS theory to QCD at finite temper-
ature following Refs. [14, 15, 16, 17, 18]. We present the predictions in the low temperature
region: We show the temperature dependences of the vector meson mass and the pion pa-
rameters, and the validity of the vector dominance of the electromagnetic form factor of the
pion.
3.1 Hidden Local Symmetry
The HLS theory #1 is based on the Gglobal×Hlocal symmetry, where G = SU(Nf )L×SU(Nf )R
is the chiral symmetry and H = SU(Nf)V is the HLS. The basic quantities are the HLS gauge
#1In the modern interpretation [54], implementing HLS in the chiral Lagrangian can be associated with the
“ultraviolet completion” to the fundamental theory of strong interactions, i.e., QCD. The matching to QCD
at a matching scale is therefore a crucial ingredient of the approach.
17
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Figure 3.1: Non-linear chiral Lagrangian and the HLS theory.
boson and two matrix valued variables ξL(x) and ξR(x) which transform as
ξL,R(x)→ ξ′L,R(x) = h(x)ξL,R(x)g†L,R , (3.1)
where h(x) ∈ Hlocal and gL,R ∈ [SU(Nf)L,R]global. These variables are parameterized as
ξL,R(x) = e
iσ(x)/Fσe∓iπ(x)/Fpi , (3.2)
where π = πaTa denotes the pseudoscalar Nambu-Goldstone bosons associated with the spon-
taneous symmetry breaking of Gglobal chiral symmetry, and σ = σ
aTa denotes the Nambu-
Goldstone bosons associated with the spontaneous breaking of Hlocal
#2. This σ is absorbed
into the HLS gauge boson through the Higgs mechanism. Fπ and Fσ are the decay constants
of the associated particles. The phenomenologically important parameter a is defined as
a =
Fσ
2
Fπ
2 . (3.3)
The covariant derivatives of ξL,R are given by
DµξL = ∂µξL − iVµξL + iξLLµ,
DµξR = ∂µξR − iVµξR + iξRRµ, (3.4)
#2The σ is not to be confused with the scalar that figures in two-flavor linear sigma model.
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where Vµ is the gauge field of Hlocal, and Lµ and Rµ are the external gauge fields introduced
by gauging Gglobal symmetry.
The basic quantities in constructing the Lagrangian are the following two 1-forms:
αˆ‖µ =
1
2i
(
DµξR · ξ†R +DµξL · ξ†L
)
,
αˆ⊥µ =
1
2i
(
DµξR · ξ†R −DµξL · ξ†L
)
. (3.5)
They transform as
αˆµ⊥,‖ → h(x) · αˆµ⊥,‖ · h†(x) . (3.6)
When HLS is gauge-fixed to the unitary gauge, σ = 0, ξL and ξR are related with each other
by
ξ†L = ξR ≡ ξ = eiπ/Fpi . (3.7)
This unitary gauge is not preserved under the Gglobal transformation, which in general has the
following form
Gglobal : ξ → ξ′ = ξ · g†R = gL · ξ
= exp [iσ′(π, gR, gL)/Fσ] exp [iπ
′/Fπ]
= exp [iπ′/Fπ] exp [−iσ′(π, gR, gL)/Fσ] . (3.8)
The unwanted factor exp [iσ′(π, gR, gL)/Fσ] can be eliminated if we simultaneously perform the
Hlocal gauge transformation with
Hlocal : h = exp [iσ
′(π, gR, gL)/Fσ] ≡ h(π, gR, gL) . (3.9)
Then the system has a global symmetry G = SU(3)L × SU(3)R under the following combined
transformation:
G : ξ → h(π, gR, gL) · ξ · g†R = gL · ξ · h(π, gR, gL) . (3.10)
Under this transformation the HLS gauge boson field Vµ in the unitary gauge transforms as
G : Vµ → h(π, gR, gL) · Vµ · h†(π, gR, gL)− i∂h(π, gR, gL) · h†(π, gR, gL) , (3.11)
which is nothing but the transformation property of Weinberg’s “ρ meson” [55]. The two
1-forms αˆµ‖ and αˆ
µ
⊥ transform as
αˆµ⊥,‖ → h(π, gR, gL) · αˆµ⊥,‖ · h†(π, gR, gL) . (3.12)
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Then, we can regard these 1-forms as the fields belonging to the chiral representations (1, 8)+
(8, 1) and (1, 8)− (8, 1) under SU(3)L × SU(3)R.
The HLS Lagrangian with lowest derivative terms at the chiral limit is given by [11, 12]
L(2) = Fπ2tr[αˆ⊥µαˆµ⊥] + Fσ2tr[αˆ‖µαˆµ‖ ]−
1
2g2
tr[VµνV
µν ] , (3.13)
where g is the HLS gauge coupling, Vµν is the field strength of Vµ and
αˆµ⊥ =
1
2i
[DµξR · ξ†R −DµξL · ξ†L] ,
αˆµ‖ =
1
2i
[DµξR · ξ†R +DµξL · ξ†L] . (3.14)
We expand the Lagrangian (3.13) in terms of the π field taking the unitary gauge of the HLS
(σ = 0) to obtain
L(2) = tr [∂µπ∂µπ] + ag2F 2π tr [ρµρµ] + 2i
(
1
2
ag
)
tr [ρµ [∂µπ , π]]
− 2 (agF 2π) tr [ρµVµ] + 2i(1− a2) tr [Vµ [∂µπ , π]] + · · · , (3.15)
where the vector meson field ρµ is introduced by
Vµ = gρµ , (3.16)
and vector external gauge field Vµ is defined as #3
Vµ ≡ 1
2
(Rµ + Lµ) . (3.17)
From the expansion in Eq. (3.15) we find the following expressions for the mass of vector meson
Mρ, the ρππ coupling gρππ, the ρ-γ mixing strength gρ and the direct γππ coupling gγππ:
Mρ
2 = ag2Fπ
2, (3.18)
gρππ =
1
2
ag, (3.19)
gρ = agFπ
2, (3.20)
gγππ = e(1− 1
2
a). (3.21)
By taking the parameter choice a = 2 at tree level, the HLS reproduces the following phe-
nomenological facts [11]:
#3Note that the photon field Aµ for Nf = 3 is embedded into Vµ as
Vµ = eAµQ, Q =

2/3
−1/3
−1/3
 ,
with e being the electromagnetic coupling constant.
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1. gρππ = g (universality of the ρ coupling) [56];
2. Mρ
2 = 2g2ρππFπ
2 (the KSRF relation, version II) [57];
3. gγππ = 0 (vector dominance of the electromagnetic form factor of the pion) [56].
Moreover, the KSRF relation (version I) [57] is predicted as a low-energy theorem of the
HLS [58]:
gρ = 2Fπ
2gρππ, (3.22)
which is independent of the parameter a. This relation was first proved at tree level [59] and
at one-loop level [60] and then at any loop order [61].
Chiral perturbation theory with HLS
In the HLS theory it is possible to perform the derivative expansion systematically owing to
the gauge invariance [13, 62, 63]. In this ChPT with HLS the vector meson mass is considered
as small compared with the chiral symmetry breaking scale Λχ, by assigning O(p) to the HLS
gauge coupling [62, 63]:
g ∼ O(p). (3.23)
According to the entire list shown in Ref. [63], there are 35 counter terms at O(p4) for general
Nf . However, only three terms are relevant when we consider two-point functions at chiral
limit:
L(4) = z1tr[Vˆµν Vˆµν ] + z2tr[AˆµνAˆµν ] + z3tr[VˆµνV µν ], (3.24)
where
Aˆµν = 1
2
[ξRRµνξ†R − ξLLµνξ†L] , (3.25)
Vˆµν = 1
2
[ξRRµνξ†R + ξLLµνξ†L] , (3.26)
with Rµν and Lµν being the field strengths of Rµ and Lµ.
There is a limit that the vector meson mass is small, in large Nf QCD as shown in Ref. [13].
Then it can be justified to perform the derivative expansion by m2ρ/Λ
2
χ under such an extreme
condition. We obtain physical quantities in the real world with Nf = 2 or 3 by extrapolating
the results in large Nf . Numerically the expansion parameter is not very small, m
2
ρ/Λ
2
χ ∼ 0.5.
However, the Wilsonian matching at T = 0 with Nf = 3, through which the parameters of
the HLS Lagrangian are determined by the underlying QCD at the matching scale Λ (see
chapter 4), was shown to give several predictions in remarkable agreement with experiments
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[64, 13], where the validity of the ChPT with HLS is essential. This strongly suggests that the
extrapolation mentioned above is valid even numerically.
As discussed in Ref. [13], Λ≪ Λχ can be justified in the Nc limit of QCD #4: In this limit,
F 2π (Λ) scales as Nc, which implies that Λχ becomes large in the large Nc limit. On the other
hand, the meson masses do not scale with Nc, so that we can introduce the Λ which has no
large Nc scaling property. Thus the quadratic divergent at n-th loop order is suppressed by
[Λ2/Λ2χ]
n ∼ [1/Nc]n. As a result, we can perform the loop expansion with quadratic divergences
in the large Nc limit, and extrapolate the results to the real QCD with Nc = 3.
In the following, we will apply the ChPT with HLS combined with the Wilsonian matching
to finite temperature. There the expansion parameter is T/Fπ(Λ) instead of T/Fπ(0) used in
the standard ChPT. Since Fπ(Λ) > Fπ(0), the present formalism can be applied in the higher
temperature region than the standard ChPT.
3.2 Two-Point Functions in Background Field Gauge
In the present approach hadronic thermal effects are included by calculating pseudoscalar and
vector meson loop contributions. In this section we show details of the calculation of the
hadronic thermal corrections as well as the quantum corrections to the two-point functions in
the background field gauge.
3.2.1 Background field gauge
In this subsection we briefly review the background field gauge following Ref. [63, 64, 13]. We
introduce the background fields ξL,R as
ξL,R = ξˇL,RξL,R, (3.27)
where ξˇL,R are the quantum fields. It is convenient to write
ξˇL = ξˇS · ξˇ†P , ξˇR = ξˇS · ξˇP ,
ξˇP = exp [i πˇ
aTa/Fπ] , ξˇS = exp [i σˇ
aTa/Fσ] , (3.28)
with πˇ and σˇ being the quantum fields corresponding to the pseudoscalar NG boson π and the
would-be NG boson σ. The background gauge field V µ for the HLS gauge boson is introduced
as
Vµ = V µ + gρˇµ, (3.29)
#4We consider that the scale at which the HLS theory breaks down is the same order as Λχ since the chiral
symmetry is non-linearly realized.
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where ρˇµ is the quantum field. It is convenient to introduce the following fields corresponding
to αˆ⊥µ and αˆ‖µ + Vµ:
Aµ = 1
2i
[∂µξR · ξ
†
R − ∂µξL · ξ
†
L] +
1
2
[ξRRµξ
†
R − ξLLµξ
†
L] ,
Vµ = 1
2i
[∂µξR · ξ
†
R + ∂µξL · ξ
†
L] +
1
2
[ξRRµξ
†
R + ξLLµξ
†
L] . (3.30)
The field strengths of Aµ and Vµ are defined as
Aµν = ∂µAν − ∂νAµ − i
[
Vµ,Aν
]
− i
[
Aµ,Vν
]
,
Vµν = ∂µVν − ∂νVµ − i
[
Vµ,Vν
]
− i
[
Aµ,Aν
]
. (3.31)
Note that both Aµν and Vµν do not include any derivatives of the background fields ξR and
ξL:
Vµν = 1
2
[
ξRRµνξ
†
R + ξLLµνξ
†
L
]
,
Aµν = 1
2
[
ξRRµνξ
†
R − ξLLµνξ
†
L
]
. (3.32)
Then Aµν and Vµν correspond to Aˆµν and Vˆµν in Eqs. (3.25) and (3.26), respectively.
In the background field gauge the quantum fields as well as the background fields ξR,L
transform homogeneously under the background gauge transformation, while the background
gauge field V µ transforms inhomogeneously:
ξR,L → h(x) · ξR,L · g†R,L ,
V µ → h(x) · V µ · h†(x) + ih(x) · ∂µh†(x) ,
ξˇL,R → h(x) · ξˇL,R · h†(x) ,
πˇ → h(x) · πˇ · h†(x) ,
σˇ → h(x) · σˇ · h†(x) ,
ρˇµ → h(x) · ρˇµ · h†(x) . (3.33)
Then the expansion of the Lagrangian in terms of the quantum field manifestly keeps the HLS
of the background field V µ [63] and thus the gauge invariance of the result is manifest. We fix
the background field gauge in ’tHooft-Feynman gauge as [63]
LGF = −tr
[
(D
µ
ρˇµ + gFσσˇ)
2
]
, (3.34)
where D
µ
denotes the covariant derivative with respect to the background fields:
D
µ
ρˇν = ∂
µρˇν − i[V µ, ρˇν ]. (3.35)
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The FP ghost associated with LGF is given by [63]
LFP = 2i tr
[
C(D
µ
Dµ + (gFσ)
2)C
]
+ · · · , (3.36)
where ellipses stand for the terms including at least three quantum fields.
Now the O(p2) Lagrangian, L(2) +LGF +LFP, is expanded in terms of the quantum fields,
πˇ, σˇ, ρˇ, C and C. The terms which do not include the quantum fields are nothing but the
original O(p2) Lagrangian with the fields replaced by the corresponding background fields.
The terms which are of first order in the quantum fields lead to the equations of motions for
the background fields: [64, 13]
DµAµ = −i (a− 1)
[Vµ − V µ , Aµ]+O(p4) , (3.37)
Dµ
(Vµ − V µ) = O(p4) , (3.38)
DνV
νµ
= g2F 2σ
(Vµ − V µ)+O(p4) . (3.39)
The quantum correction as well as the hadronic thermal corrections are calculated from the
terms of quadratic order in the quantum fields. The explicit forms of the terms as well as the
Feynman rules obtained from them are shown in Ref. [13].
3.2.2 Two-point functions at T = 0
In this subsection, we calculate the quantum corrections from pseudoscalar and vector mesons
to the two-point functions of Aµ, Vµ and V µ at zero temperature. In the present analysis, as
was done in Ref. [15] (see also subsection 4.2), we neglect possible Lorenz symmetry violating
effects caused by the intrinsic temperature dependences of the bare parameters, and use the
bare HLS Lagrangian with Lorenz invariance even at non-zero temperature. Then the results
obtained in this subsection are identified with the quantum corrections from pseudoscalar and
vector mesons at non-zero temperature by taking the intrinsic temperature dependences of
the parameters into account. #5 In the following, we write the two-point functions of Aµ-Aν ,
Vµ-Vν , V µ-V ν and V µ-Vν as Πµν⊥ , Πµν‖ , ΠµνV and ΠµνV ‖, respectively.
In the present analysis, it is important to include the quadratic divergences to obtain the
RGEs in the Wilsonian sense. Here, following Ref. [65, 64, 13], we adopt the dimensional
regularization and identify the quadratic divergences with the presence of poles of ultraviolet
origin at n = 2 [66]. This can be done by the following replacement in the Feynman integrals:∫
dnk
i(2π)n
1
−k2 →
Λ2
(4π)2
,
∫
dnk
i(2π)n
kµkν
[−k2]2 → −
Λ2
2(4π)2
gµν . (3.40)
#5See next subsection for dividing the quantum corrections from the hadronic thermal corrections.
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Figure 3.2: Diagrams for contributions to Πµν⊥ at one-loop level. The circle (◦) denotes the
momentum-independent vertex and the dot (•) denotes the momentum-dependent vertex.
On the other hand, the logarithmic divergence is identified with the pole at n = 4:
1
ǫ¯
+ 1→ ln Λ2 , (3.41)
where
1
ǫ¯
≡ 2
4− n − γE + ln(4π) , (3.42)
with γE being the Euler constant.
Let us start from the one-loop corrections to the two-point function of Aµ-Aν denoted by
Πµν⊥ . We show the diagrams for contributions to Π
µν
⊥ at one-loop level in Fig. 3.2. We obtain
these contributions as #6
Π
(a)µν
⊥ (p) = −NfaMρ2gµνB(vac)0 (p;Mρ, 0) , (3.43)
Π
(b)µν
⊥ (p) = Nf
a
4
B(vac)µν(p;Mρ, 0) , (3.44)
Π
(c)µν
⊥ (p) = Nf (a− 1)gµνA(vac)0 (0) , (3.45)
where the functions B
(vac)
0 , B
(vac)µν and A
(vac)
0 are defined by the following integrals [13]:
A
(vac)
0 (M) =
∫
dnk
i(2π)4
1
M2 − k2 , (3.46)
B
(vac)
0 (p;M1,M2) =
∫
dnk
i(2π)4
1
[M21 − k2][M22 − (k − p)2]
, (3.47)
B(vac)µν(p;M1,M2) =
∫
dnk
i(2π)4
(2k − p)µ(2k − p)ν
[M21 − k2][M22 − (k − p)2]
. (3.48)
Next we calculate the one-loop corrections to the Vµ-Vν two-point function denoted by
Πµν‖ . We show the diagrams for contributions to Π
µν
‖ at one-loop level in Fig. 3.3. We obtain
#6Here we put the superscript (vac) in the functions in the right-hand-side to distinguish them from the
functions expressing the hadronic thermal corrections [see next subsection].
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Figure 3.3: Diagrams for contributions to Πµν‖ at one-loop level.
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Figure 3.4: Diagrams for contributions to ΠµνV at one-loop level.
these contributions as
Π
(a)µν
‖ (p) = −NfMρ2gµνB(vac)0 (p;Mρ,Mρ), (3.49)
Π
(b)µν
‖ (p) =
1
8
NfB
(vac)µν(p;Mρ,Mρ), (3.50)
Π
(c)µν
‖ (p) =
(2− a)2
8
NfB
(vac)µν(p; 0, 0), (3.51)
Π
(d)µν
‖ (p) = −(a− 1)NfgµνA(vac)0 (0). (3.52)
The one-loop corrections to ΠµνV , the diagrams for contributions to which are shown in
Fig. 3.4, are evaluated as
Π
(a)µν
V (p) =
n
2
NfB
(vac)µν(p;Mρ,Mρ) + 4Nf (g
µνp2 − pµpν)B(vac)0 (p;Mρ,Mρ), (3.53)
Π
(b)µν
V (p) = −NfMρ2gµνB(vac)0 (p;Mρ,Mρ), (3.54)
Π
(c)µν
V (p) = −NfB(vac)µν(p;Mρ,Mρ), (3.55)
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Figure 3.5: Diagrams for contributions to ΠµνV ‖ at one-loop level.
Π
(d)µν
V (p) = nNfg
µνA
(vac)
0 (Mρ), (3.56)
Π
(e)µν
V (p) = −2NfgµνA(vac)0 (Mρ), (3.57)
Π
(f)µν
V (p) =
1
8
NfB
(vac)µν(p;Mρ,Mρ), (3.58)
Π
(g)µν
V (p) =
a2
8
NfB
(vac)µν(p; 0, 0), (3.59)
where n denotes the dimension of the spacetime.
We also show the one-loop diagrams for contributions to ΠµνV ‖ in Fig. 3.5. These are given
by
Π
(a)µν
V ‖ (p) = NfM
2
ρg
µνB
(vac)
0 (p;Mρ,Mρ), (3.60)
Π
(b)µν
V ‖ (p) =
1
8
NfB
(vac)µν(p;Mρ,Mρ), (3.61)
Π
(c)µν
V ‖ (p) =
a(2− a)
8
NfB
(vac)µν(p; 0, 0), (3.62)
Π
(d)µν
V ‖ (p) =
a
2
Nfg
µνA
(vac)
0 (0), (3.63)
Π
(e)µν
V ‖ (p) =
1
2
Nfg
µνA
(vac)
0 (Mρ). (3.64)
At tree level the two-point functions of Aµ, Vµ and V µ are
Π
(tree)µν
⊥ (p) = F
2
π,bareg
µν + 2z2,bare(p
2gµν − pµpν) ,
Π
(tree)µν
‖ (p) = F
2
σ,bareg
µν + 2z1,bare(p
2gµν − pµpν) ,
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Π
(tree)µν
V (p) = F
2
σ,bareg
µν − 1
g2bare
(p2gµν − pµpν) ,
Π
(tree)µν
V ‖ (p) = − F 2σ,baregµν + z3,bare(p2gµν − pµpν) . (3.65)
Thus the one-loop contributions to Πµν⊥ give the quantum corrections to F
2
π and z2. Similarly,
each of the one-loop contributions to Πµν‖ , Π
µν
V and Π
µν
V ‖ includes the quantum corrections to
two parameters shown above. For distinguishing the quantum corrections to two parameters
included in the two-point function, it is convenient to decompose each two-point function as
Πµν(p) = ΠS(p)gµν +ΠLT (p)(gµνp2 − pµpν). (3.66)
Using the above decomposition, we identify Π
S(1-loop)
⊥ (p
2) with the quantum correction to F 2π ,
Π
LT (1-loop)
⊥ (p
2) with that to z2, and so on. It should be noticed that the following relation is
satisfied [64, 13]:
ΠSV (p
2) = ΠS‖ (p
2) = −ΠSV ‖(p2) . (3.67)
Then the quantum correction to F 2σ can be extracted from any of Π
µν
‖ , Π
µν
V and Π
µν
V ‖. The
divergent contributions coming from the diagrams shown in Figs. 3.2-3.5 are listed in Refs. [64,
13]. We list them in Appendix C for convenience.
3.2.3 Two-point functions at T 6= 0
Let us consider the loop corrections to the two-point functions at non-zero temperature. For
this purpose it is convenient to introduce the following functions:
A0(M
2;T ) ≡ T
∞∑
n=−∞
∫
d3k
(2π)3
1
M2 − k2 , (3.68)
B0(p0, p¯;M1,M2;T ) ≡ T
∞∑
n=−∞
∫
d3k
(2π)3
1
[M21 − k2][M22 − (k − p)2]
, (3.69)
Bµν(p0, p¯;M1,M2;T ) ≡ T
∞∑
n=−∞
∫
d3k
(2π)3
(2k − p)µ (2k − p)ν
[M21 − k2][M22 − (k − p)2]
, (3.70)
where p¯ = |~p| and the 0th component of the loop momentum is taken as k0 = i2nπT , while
that of the external momentum is taken as p0 = i2n′πT [n, n′: integer]. Using the standard
formula (see, e.g., Ref. [67]), these functions are divided into two parts as
A0(M ;T ) = A
(vac)
0 (M) + A¯0(M ;T ) , (3.71)
B0(p0, p¯;M1,M2;T ) = B
(vac)
0 (p;M1,M2) + B¯0(p0, p¯;M1,M2;T ) , (3.72)
Bµν(p0, p¯;M1,M2;T ) = B
(vac)µν(p;M1,M2) + B¯
µν(p0, p¯;M1,M2;T ) , (3.73)
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where A
(vac)
0 , B
(vac)
0 and B
(vac)µν express the quantum corrections given in Eqs. (3.46)–(3.48),
and A¯0, B¯0 and B¯
µν the hadronic thermal corrections. We summarize the explicit forms of the
functions A¯0, B¯0 and B¯
µν in various limits relevant to the present analysis in Appendix B. Note
that the 0th component of the momentum p0 in the right-hand-sides of the above expressions
is analytically continued to the Minkowsky variable: p0 is understood as p0 + iǫ (ǫ→ +0) for
the retarded function and p0 − iǫ for the advanced function. Then, A(vac)0 , B(vac)0 and B(vac)µν
have no explicit temperature dependence, while they have intrinsic temperature dependence
which is introduced through the Wilsonian matching as we will see later.
Now, the contributions to the two-point functions at non-zero temperature are obtained by
replacing, in the expressions listed in the previous subsection, the functions A
(vac)
0 , B
(vac)
0 and
B(vac)µν defined in Eqs. (3.46)–(3.48) with A0, B0 and B
µν defined in Eqs. (3.68)–(3.70).
At non-zero temperature there are four independent polarization tensors, which we choose
as defined in Appendix A. We decompose the two-point functions Πµν⊥ , Π
µν
V Π
µν
V ‖ and Π
µν
‖ as
Πµν = uµuνΠt + (gµν − uµuν)Πs + P µνL ΠL + P µνT ΠT , (3.74)
where uµ = (1,~0) and P µνL and P
µν
T are defined in Eq. (A.1). Similarly, we decompose the
function Bµν as
Bµν = uµuνBt + (gµν − uµuν)Bs + P µνL BL + P µνT BT . (3.75)
Furthermore, similarly to the division of the functions into one part for expressing the quantum
correction and another for the hadronic thermal correction done in Eqs. (3.71)–(3.73), we divide
the two-point functions into two parts as
Πµν(p0, p¯;T ) = Π
(vac)µν(p0, p¯) + Π
µν
(p0, p¯;T ) . (3.76)
Accordingly each of four components of the two-point functions defined in Eqs. (3.74) is divided
into the one part for the quantum correction and another for the hadronic thermal correction.
We note that all the divergences are included in zero temperature part Π(vac).
From the contributions in Eqs. (3.43)-(3.45), the temperature dependent parts are obtained
as
Π
t
⊥(p0, p¯;T ) = −NfaM2ρB0(p0, p¯;Mρ, 0;T ) +Nf
a
4
B
t
(p0, p¯;Mρ, 0;T )
+Nf(a− 1)A0(0;T ), (3.77)
Π
s
⊥(p0, p¯;T ) = −NfaM2ρB0(p0, p¯;Mρ, 0;T ) +Nf
a
4
B
s
(p0, p¯;Mρ, 0;T )
+Nf(a− 1)A0(0;T ), (3.78)
Π
L
⊥(p0, p¯;T ) = Nf
a
4
B
L
(p0, p¯;Mρ, 0;T ), (3.79)
Π
T
⊥(p0, p¯;T ) = Nf
a
4
B
T
(p0, p¯;Mρ, 0;T ). (3.80)
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As we will see later in subsection 3.4.1, we define the vector meson mass as the pole of
longitudinal or transverse component of the vector meson propagator. From the contributions
in Eqs. (3.53)-(3.59), we obtain the hadronic thermal corrections to Π
µν
V as
Π
t
V (p0, p¯;T ) = 2NfA0(Mρ;T )−M2ρNfB0(p0, p¯;Mρ,Mρ;T )
+
a2
8
NfB
t
(p0, p¯; 0, 0;T ) +
9
8
NfB
t
(p0, p¯;Mρ,Mρ;T ) , (3.81)
Π
s
V (p0, p¯;T ) = 2NfA0(Mρ;T )−M2ρNfB0(p0, p¯;Mρ,Mρ;T )
+
a2
8
NfB
s
(p0, p¯; 0, 0;T ) +
9
8
NfB
s
(p0, p¯;Mρ,Mρ;T ) , (3.82)
Π
L
V (p0, p¯;T ) = −4p2NfB0(p0, p¯;Mρ,Mρ;T )
+
a2
8
NfB
L
(p0, p¯; 0, 0;T ) +
9
8
NfB
L
(p0, p¯;Mρ,Mρ;T ), (3.83)
Π
T
V (p0, p¯;T ) = −4p2NfB0(p0, p¯;Mρ,Mρ;T )
+
a2
8
NfB
T
(p0, p¯; 0, 0;T ) +
9
8
NfB
T
(p0, p¯;Mρ,Mρ;T ). (3.84)
Another two-point function associated with the vector current correlator is ΠµνV ‖. From the
corrections in Eqs. (3.60)-(3.64), we get the temperature dependent parts as
Π
t
V ‖(p0, p¯;T ) =
a
2
NfA0(0;T ) +
1
2
NfA0(Mρ;T ) +NfM
2
ρB0(p0, p¯;Mρ,Mρ;T )
+
1
8
NfB
t
(p0, p¯;Mρ,Mρ;T ) +
a(2− a)
8
NfB
t
(p0, p¯; 0, 0;T ), (3.85)
Π
s
V ‖(p0, p¯;T ) =
a
2
NfA0(0;T ) +
1
2
NfA0(Mρ;T ) +NfM
2
ρB0(p0, p¯;Mρ,Mρ;T )
+
1
8
NfB
s
(p0, p¯;Mρ,Mρ;T ) +
a(2− a)
8
NfB
s
(p0, p¯; 0, 0;T ), (3.86)
Π
L
V ‖(p0, p¯;T ) =
1
8
NfB
L
(p0, p¯;Mρ,Mρ;T ) +
a(2− a)
8
NfB
L
(p0, p¯; 0, 0;T ), (3.87)
Π
T
V ‖(p0, p¯;T ) =
1
8
NfB
T
(p0, p¯;Mρ,Mρ;T ) +
a(2− a)
8
NfB
T
(p0, p¯; 0, 0;T ). (3.88)
In subsection 3.4.2, we will define the parameter a from the direct γππ coupling using the
two-point function Πµν‖ . From the corrections in Eqs. (3.49)-(3.52), we get the temperature
dependent parts as
Π
t
‖(p0, p¯;T ) = −(a− 1)NfA0(0;T )−NfM2ρB0(p0, p¯;Mρ,Mρ;T )
+
1
8
NfB
t
(p0, p¯;Mρ,Mρ;T ) +
(2− a)2
8
NfB
t
(p0, p¯; 0, 0;T ) , (3.89)
Π
s
‖(p0, p¯;T ) = −(a− 1)NfA0(0;T )−NfM2ρB0(p0, p¯;Mρ,Mρ;T )
+
1
8
NfB
s
(p0, p¯;Mρ,Mρ;T ) +
(2− a)2
8
NfB
s
(p0, p¯; 0, 0;T ) , (3.90)
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Π
L
‖ (p0, p¯;T ) =
1
8
NfB
L
(p0, p¯;Mρ,Mρ;T ) +
(2− a)2
8
NfB
L
(p0, p¯; 0, 0;T ), (3.91)
Π
T
‖ (p0, p¯;T ) =
1
8
NfB
T
(p0, p¯;Mρ,Mρ;T ) +
(2− a)2
8
NfB
T
(p0, p¯; 0, 0;T ). (3.92)
At the end of this subsection, we note that, using the relations shown in Eq. (B.14), we
obtain
Π
t
V = −Π
t
V ‖ = Π
t
‖
= Π
s
V = −Π
s
V ‖ = Π
s
‖
= −Nf 1
4
[
A0(Mρ;T ) + A0(0;T )
]−NfM2ρB0(p0, p¯;Mρ,Mρ;T ) . (3.93)
Since the quantum corrections to the corresponding components are identical as we have shown
in Eq. (3.67), the above relation implies that the components ΠtV , Π
t
V ‖, Π
t
‖, Π
s
V , Π
s
V ‖ and Π
t
‖
agree:
ΠtV = −ΠtV ‖ = Πt‖ = ΠsV = −ΠsV ‖ = Πs‖ . (3.94)
This relation is important to prove the conservation of the vector current correlator as we will
show in subsection 3.3.2. #7
3.3 Current Correlators
In this section, following Ref. [15], we review how to construct the axial-vector and vector cur-
rent correlators from the two-point functions calculated in the previous section. The correlators
are defined by
GµνA (p0 = iωn, ~p;T )δab =
∫ 1/T
0
dτ
∫
d3~xe−i(~p·~x+ωnτ)
〈
Jµ5a(τ, ~x)J
ν
5b(0,~0)
〉
β
,
GµνV (p0 = iωn, ~p;T )δab =
∫ 1/T
0
dτ
∫
d3~xe−i(~p·~x+ωnτ)
〈
Jµa (τ, ~x)J
ν
b (0,~0)
〉
β
, (3.95)
where Jµ5a and J
µ
a are, respectively, the axial-vector and vector currents, ωn = 2nπT is the
Matsubara frequency, (a, b) = 1, . . . , N2f − 1 denotes the flavor index and 〈 〉β the thermal
average. The correlators for Minkowski momentum are obtained by the analytic continuation
of p0.
#7Actually, for the conservation of the vector current correlator, ΠtV = −ΠtV ‖ = Πt‖ and ΠsV = −ΠsV ‖ = Πs‖
are enough, and ΠtV and Π
s
V can be generally different.
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3.3.1 Axial-vector current correlator
Let us consider the axial-vector current correlator GµνA . For constructing it, we first parameter-
ize the background field ξ¯R and ξ¯L. It is convenient to take the unitary gauge of the background
HLS. Then, ξ¯R and ξ¯L are parameterized
ξ¯L = e
−φ¯ , ξ¯R = e
φ¯ , φ¯ = φ¯aTa , (3.96)
where φ¯ is the interpolating background field corresponding to the pion field. In terms of φ¯,
the background Aµ is expanded as
Aµ = Aµ + i∂µφ¯+ · · · , (3.97)
where ellipses denote the terms including two or more fields and the axial-vector external gauge
field Aµ is defined as
Aµ ≡ 1
2
(Rµ −Lµ) . (3.98)
There are two contributions to the axial-vector current correlator GµνA : one from the φ¯-
exchange diagram and another from the one-particle-irreducible (1PI) diagram of Aµ-Aν in-
teraction. By adding these two contributions, GµνA is expressed as
GµνA =
pαpβΠ
µα
⊥ Π
νβ
⊥
−pµ¯pν¯Πµ¯ν¯⊥
+Πµν⊥ . (3.99)
Substituting the decomposition of Πµν⊥ in Eq. (5.17) into the above G
µν
A , we obtain
GµνA = P
µν
L G
L
A + P
µν
T G
T
A, (3.100)
where
GLA =
p2Πt⊥Π
s
⊥
−[p20Πt⊥ − p¯2Πs⊥]
+ ΠL⊥,
GTA = −Πs⊥ +ΠT⊥. (3.101)
From this form we can easily see that the current conservation pµG
µν
A = 0 is satisfied, and the
pion couples only to the longitudinal part GLA.
3.3.2 Vector current correlator
In the background field gauge the vector meson inverse propagator is related to the two-point
function of the background field V µ, Π
µν
V as
i(D−1)µν = ΠµνV = u
µuνΠtV + (g
µν − uµuν)ΠsV + P µνL ΠLV + P µνT ΠTV . (3.102)
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It is convenient to decompose the full propagator in a same way:
− iDµν = uµuνDtV + (gµν − uµuν)DsV + P µνL DLV + P µνT DTV . (3.103)
After some algebra, these four components are expressed as
DtV =
p2(ΠLV − ΠsV )
p20Π
t
V (Π
L
V − ΠsV )− p¯2ΠsV (ΠLV − ΠtV )
,
DsV =
p2(ΠLV − ΠtV )
p20Π
t
V (Π
L
V − ΠsV )− p¯2ΠsV (ΠLV − ΠtV )
,
DLV =
p2ΠLV
p20Π
t
V (Π
L
V − ΠsV )− p¯2ΠsV (ΠLV − ΠtV )
,
DTV = D
s
V +
1
ΠTV − ΠsV
, (3.104)
where we define p¯ = |~p|. By using the above vector meson propagator −iDµν and the two-point
functions Πµν‖ and Π
µν
V ‖, the vector current correlator G
µν
V , which consists of the contributions
from the vector meson exchange and 1PI diagrams, is obtained as
GµνV = Π
µα
V ‖iDαβΠ
βν
V ‖ +Π
µν
‖ . (3.105)
Substituting Eq. (3.103) together with Eqs. (3.74) into Eq. (3.105), we obtain GµνV as
GµνV = u
µuνGtV + (g
µν − uµuν)GsV + P µνL GLV + P µνT GTV , (3.106)
where each component is expressed as
GtV =
DLV
ΠLV
[ p¯2
p2
ΠLV ‖{ΠsVΠtV ‖ − ΠtVΠsV ‖}
− Π
t
V ‖
p2
{−p20ΠtV ‖(ΠsV −ΠLV ) + p2(ΠtV ‖ΠsV − ΠV ‖ΠLV )}
]
+Πt‖,
GsV =
DLV
ΠLV
[p20
p2
ΠLV ‖{ΠsVΠtV ‖ − ΠtVΠsV ‖}
− Π
s
V ‖
p2
{−p20(ΠtVΠsV ‖ −ΠtV ‖ΠLV ) + p¯2ΠsV ‖(ΠtV −ΠsV )}
]
+Πs‖,
GLV =
DLV
ΠLV
[
−ΠLVΠtV ‖ +ΠLV ‖(ΠtV ‖ΠsV +ΠsV ‖ΠtV )
− 1
p2
(p20Π
t
V − p¯2ΠsV )(ΠLV ‖)2
]
+ΠL‖ ,
GTV =
DLV
ΠLV
[
−p
2
0
p2
ΠLV ‖{ΠtVΠsV ‖ − ΠsVΠtV ‖}
− Π
s
V ‖
p2
{−p20(ΠtVΠsV ‖ −ΠtV ‖ΠLV ) + p¯2ΠsV ‖(ΠtV −ΠLV )}
]
+
(ΠsV ‖ − ΠTV ‖)2
ΠsV −ΠTV
+ ΠT‖ . (3.107)
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One might worry that the above form does not satisfy the current conservation pµG
µν
V = 0.
However, since the following equalities are satisfied [see Eq. (3.94)],
ΠtV = −ΠtV ‖ = Πt‖,
ΠsV = −ΠsV ‖ = Πs‖, (3.108)
each component of the above GµνV is rewritten as
GtV = G
s
V = 0,
GLV = −
DLV
ΠLV
[
ΠtVΠ
s
V (Π
L
V + 2Π
L
V ‖) +
p20Π
t
V − p¯2ΠsV
p2
(ΠLV ‖)
2
]
+ΠL‖ ,
GTV =
ΠsV (Π
T
V + 2Π
T
V ‖) + (Π
T
V ‖)
2
ΠsV − ΠTV
+ΠT‖ . (3.109)
Now we can easily see that the current conservation pµG
µν
V = 0 is satisfied since pµP
µν
L =
pµP
µν
T = 0. In the present analysis we further have Π
t
V = Π
s
V as can be seen from Eq. (3.94).
Finally we obtain the following GµνV :
GµνV = P
µν
L G
L
V + P
µν
T G
T
V , (3.110)
where
GLV =
ΠsV (Π
L
V + 2Π
L
V ‖)
ΠsV − ΠLV
+ΠL‖ ,
GTV =
ΠsV (Π
T
V + 2Π
T
V ‖)
ΠsV − ΠTV
+ΠT‖ . (3.111)
Here we have dropped the terms (ΠLV ‖)
2 and (ΠTV ‖)
2 since they are of higher order.
3.4 Thermal Properties of π-ρ Parameters
In this section, we briefly summarize the temperature dependences of several parameters of
pions and vector mesons in hot medium following Refs. [14, 15, 16].
3.4.1 Vector meson mass
In this subsection, we first define the vector meson pole masses of both the longitudinal and
transverse modes at non-zero temperature from the vector current correlator in the background
field gauge and show the explicit forms of the hadronic thermal corrections from the vector
and pseudoscalar meson loop.
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Let us define pole masses of longitudinal and transverse modes of the vector meson from
the poles of longitudinal and transverse components of the vector current correlator in the rest
frame, which are given by Eqs. (3.110) and (3.111). Then, the pole masses are obtained as the
solutions of the following on-shell conditions:
0 = Re
[
ΠsV (p0 = m
L
ρ (T ), 0;T )− ΠLV (p0 = mLρ (T ), 0;T )
]
,
0 = Re
[
ΠsV (p0 = m
T
ρ (T ), 0;T )− ΠTV (p0 = mTρ (T ), 0;T )
]
, (3.112)
where mLρ (T ) and m
T
ρ (T ) denote the pole masses of the longitudinal and transverse modes,
respectively. As we have calculated in section 3.2, ΠsV (p0, p¯;T ), Π
L
V (p0, p¯;T ) and Π
T
V (p0, p¯;T )
in the HLS at one-loop level are expressed as
ΠsV (p0, p¯;T ) = F
2
σ (Mρ) + Π˜
S
V (p
2) + Π
s
V (p0, p¯;T ) ,
ΠLV (p0, p¯;T ) =
p2
g2(Mρ)
+ Π˜LTV (p
2) + Π
L
V (p0, p¯;T ) ,
ΠTV (p0, p¯;T ) =
p2
g2(Mρ)
+ Π˜LTV (p
2) + Π
T
V (p0, p¯;T ) , (3.113)
where the explicit forms of the finite renormalization effects Π˜SV (p
2) and Π˜LTV (p
2) are given in
Eqs. (C.31) and (C.32), and those of the hadronic thermal effects Π
s
V (p0, p¯;T ), Π
L
V (p0, p¯;T )
and Π
T
V (p0, p¯;T ) are given in Eqs. (3.93), (3.83) and (3.84). Substituting Eq. (3.113) into
Eq. (3.112), we obtain
[
mLρ (T )
]2
= M2ρ + g
2(Mρ)
[
Re Π˜SV (p
2
0) + ReΠ
s
V (p0, 0;T )
− Re Π˜TV (p20)− ReΠ
L
V (p0, 0;T )
]
p0=mLρ (T )
,
[
mTρ (T )
]2
= M2ρ + g
2(Mρ)
[
Re Π˜SV (p
2
0) + ReΠ
s
V (p0, 0;T )
− Re Π˜TV (p20)− ReΠ
T
V (p0, 0;T )
]
p0=mTρ (T )
. (3.114)
We can replace mLρ (T ) and m
T
ρ (T ) with Mρ in the hadronic thermal effects as well as in
the finite renormalization effect, since the difference is of higher order. Then, noting that
Re Π˜SV (p
2 =M2ρ ) = Re Π˜
LT
V (p
2 =M2ρ ) = 0 as shown in Eq. (C.19), we obtain[
mLρ (T )
]2
= M2ρ − g2(Mρ) Re
[
Π
L
V (Mρ; 0;T )− Π
s
V (Mρ; 0;T )
]
, (3.115)[
mTρ (T )
]2
= M2ρ − g2(Mρ) Re
[
Π
T
V (Mρ; 0;T )− Π
s
V (Mρ; 0;T )
]
. (3.116)
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Let us calculate the explicit form of the pole mass using the expression of Π
s
V , Π
L
V and Π
T
V
obtained in section 3.2. Here we note that Eqs. (B.24) and (B.25) imply that B
L −Bs agrees
with B
T −Bs in the rest frame. Then in the rest frame ΠLV −Π
s
V agrees with Π
T
V −Π
s
V . Thus
the longitudinal pole mass is the same as the transverse one:
mLρ (T ) = m
T
ρ (T ) ≡ mρ(T ) . (3.117)
By using the low momentum limits of the functions shown in Eqs. (B.23) and (B.24), Π
L
V −Π
s
V
in the rest frame is expressed as
Π
L
V (p0, p¯ = 0;T )− Π
s
V (p0, p¯ = 0;T )
= Nf
[a2
24
G˜2(p0;T )− J˜21 (Mρ;T ) + (
M2ρ
4
− p20)F˜ 23 (p0;Mρ;T ) +
3
8
F˜ 43 (p0;Mρ;T )
]
,(3.118)
where the functions I˜n, J˜
n
m, F˜
n
m and G˜
n
m are defined in Appendix D. Substituting the above
expression into Eq. (3.115) and using the relation
− 1
3M2ρ
F˜ 43 (Mρ;Mρ;T ) =
1
4
F˜ 23 (Mρ;Mρ;T )−
1
3M2ρ
J˜21 (Mρ;T ) , (3.119)
we find that the vector meson pole mass is expressed as
m2ρ(T ) = Mρ
2 +Nf g
2
[
−a
2
12
G˜2(Mρ;T ) +
4
5
J˜21 (Mρ;T ) +
33
16
M2ρ F˜
2
3 (Mρ;Mρ;T )
]
.(3.120)
The contribution in this expression agrees with the result in Ref. [14] which is derived from the
hadronic thermal correction calculated in the Landau gauge in Ref. [68] by taking the on-shell
condition (3.115). #8
We study the behavior of the pole mass in the low temperature region, T ≪ Mρ. In this
region the functions F nm and J
n
m are suppressed by e
−Mρ/T , and thus give negligible contribu-
tions. Since G2 ≈ −π415 T
4
Mρ2
, the vector meson pole mass increases as T 4 in the low temperature
region, dominated by the π-loop effects:
mρ
2(T ) ≈Mρ2 + Nfπ
2a
360Fπ
2T
4 for T ≪ Mρ. (3.121)
Note that the lack of T 2-term in the above expression is consistent with the result by the
current algebra analysis [69].
#8The functions used in this paper are related to the ones used in Ref. [14] as J˜21 =
1
2pi2 J
2
1 , G˜2 =
1
2pi2 G¯2, and
so on.
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3.4.2 Pion parameters
First we study the on-shell structure of the pion. For this, we look at the pole of the longitudinal
component GLA in Eq. (3.101). Since both Π
t
⊥ and Π
s
⊥ have imaginary parts, we choose to
determine the pion energy E from the real part by solving the dispersion formula
0 =
[
p20ReΠ
t
⊥(p0, p¯;T )− p¯2ReΠs⊥(p0, p¯;T )
]
p0=E
, (3.122)
where p¯ ≡ |~p|. As remarked in section 3.2, in HLS at one-loop level, Πt⊥(p0, p¯;T ) and
Πs⊥(p0, p¯;T ) are of the form
Πt⊥(p0, p¯;T ) = F
2
π (0) + Π˜
S
⊥(p
2) + Π¯t⊥(p0, p¯;T ) ,
Πs⊥(p0, p¯;T ) = F
2
π (0) + Π˜
S
⊥(p
2) + Π¯s⊥(p0, p¯;T ) , (3.123)
where Π˜S⊥(p
2) is the finite renormalization contribution, and Π¯t⊥(p0, p¯;T ) and Π¯
s
⊥(p0, p¯;T ) are
the hadronic thermal contributions. Substituting Eq. (3.123) into Eq. (3.122), we obtain
0 =
(
E2 − p¯2) [F 2π (0) + Re Π˜S⊥(p2 = E2 − p¯2)]
+ E2Re Π¯t⊥(E, p¯;T )− p¯2Re Π¯s⊥(E, p¯;T ) . (3.124)
The pion velocity vπ(p¯) ≡ E/p¯ is then obtained by solving
v2π(p¯) =
F 2π (0) + Re Π¯
s
⊥(p¯, p¯;T )
F 2π (0) + Re Π¯
t
⊥(p¯, p¯;T )
. (3.125)
Here we replaced E by p¯ in the hadronic thermal terms Π¯t⊥(E, ~p) and Π¯
s
⊥(E, ~p) as well as in the
finite renormalization contribution Π˜S⊥(p
2 = E2 − p¯2), since the difference is of higher order.
[Note that Π˜S⊥(p
2 = 0) = 0.]
Next we determine the wave function renormalization of the pion field, which relates the
background field φ¯ to the pion field π¯ in the momentum space as
φ¯ = π¯/F˜ (p¯;T ). (3.126)
We follow the analysis in Ref. [70] to obtain
F˜ 2(p¯;T ) = ReΠt⊥(E, p¯;T ) = F
2
π (0) + Re Π¯
t
⊥(p¯, p¯;T ) . (3.127)
Using this wave function renormalization and the velocity in Eq. (3.125), we can rewrite the
longitudinal part of the axial-vector current correlator as
GLA(p0, ~p) =
p2Πt⊥(p0, p¯;T )Π
s
⊥(p0, p¯;T )/F˜
2(p¯;T )
− [p20 − v2π(p¯)p¯2 +Ππ(p0, p¯;T )]
+ ΠL⊥(p0, p¯;T ) , (3.128)
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where the pion self energy Ππ(p0, p¯;T ) is given by
Ππ(p0, p¯;T ) =
1
ReΠt⊥(E, p¯;T )
×
[
p20
{
Πt⊥(p0, p¯;T )− ReΠt⊥(E, p¯;T )
}− p¯2 {Πs⊥(p0, p¯;T )− ReΠs⊥(E, p¯;T )}] .(3.129)
Let us now define the pion decay constant. A natural procedure is to define the pion decay
constant from the pole residue of the axial-vector current correlator. From Eq. (3.128), the
pion decay constant is given by
f 2π(p¯;T ) =
Πt⊥(E, p¯;T )Π
s
⊥(E, p¯;T )
F˜ 2(p¯;T )
=
[
F 2π (0) + Π¯
t
⊥(p¯, p¯;T )
] [
F 2π (0) + Π¯
s
⊥(p¯, p¯;T )
]
F˜ 2(p¯;T )
. (3.130)
We now address how f 2π(p¯;T ) is related to the temporal and spatial components of the pion
decay constant introduced in Ref. [20]. Following their notation, let f tπ denote the decay
constant associated with the temporal component of the axial-vector current and f sπ the one
with the spatial component. In the present analysis, they can be read off from the coupling of
the π¯ field to the axial-vector external field Aµ:
f tπ(p¯;T ) ≡
Πt⊥(E, p¯;T )
F˜ (p¯;T )
=
F 2π (0) + Π¯
t
⊥(p¯, p¯;T )
F˜ (p¯;T )
, (3.131)
f sπ(p¯;T ) ≡
Πs⊥(E˜, p¯;T )
F˜ (p¯;T )
=
F 2π (0) + Π¯
s
⊥(p¯, p¯;T )
F˜ (p¯;T )
. (3.132)
Comparing Eqs. (3.131) and (3.132) with Eqs. (3.125), (3.127) and (3.130), we have [20, 70]
F˜ (p¯;T ) = Re f tπ(p¯;T ) , (3.133)
f 2π(p¯;T ) = f
t
π(p¯;T )f
s
π(p¯;T ) . (3.134)
By using the above decay constants, the pion velocity at one-loop level is expressed as [20, 15]
#9
v2π(p¯;T ) = 1 +
F˜ (p¯;T )
F 2π
[
Ref sπ(p¯;T )− Ref tπ(p¯;T )
]
. (3.135)
Substituting Eqs. (B.1) and (B.2) into Eqs. (3.77) and (3.78), we obtain Π
t
⊥ and Π
s
⊥ for
the on-shell pion as
Π
t
⊥(p0 = p¯+ iǫ, p¯;T ) = Nf (a− 1)I˜2(T )
#9This form of the pion velocity looks slightly different from Eq. (3.125). However, Eq. (3.135) is actually
equivalent to Eq. (3.125) at one-loop order, and more convenient to study the temperature dependence of the
pion velocity in the low temperature region.
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+
Nf
2
a
[
1
2
B
t
(p¯+ iǫ, p¯;Mρ, 0;T )− 2M2ρB0(p¯+ iǫ, p¯;Mρ, 0;T )
]
, (3.136)
Π
s
⊥(p0 = p¯+ iǫ, p¯;T ) = Nf (a− 1)I˜2(T )
+
Nf
2
a
[
1
2
B
s
(p¯+ iǫ, p¯;Mρ, 0;T )− 2M2ρB0(p¯+ iǫ, p¯;Mρ, 0;T )
]
, (3.137)
where we put ǫ→ +0 to make the analytic continuation for the frequency p0 = i2πnT to the
Minkowski variable. We show the explicit forms of the functions B
t
, B
s
and B0 in Eqs. (B.3),
(B.5) and (B.6).
In general the pion velocity in medium does not agree with the value at T = 0 due to the
interaction with the heat bath. Below Tc, since the temporal component does not agree with
the spatial one due to the thermal vector meson effect, Π
t
⊥ 6= Π
s
⊥, the pion velocity vπ(p¯;T )
is not the speed of light. As we will see below, in the framework of HLS the pion velocity
receives a change from the ρ-loop effect for 0 < T < Tc. When we take the low temperature
limit (T ≪Mρ) and the soft pion limit (p¯≪ Mρ and p¯≪ T ), the real parts of Πt⊥ and Π
s
⊥ are
approximated as
ReΠ
t
⊥(p0 = p¯+ iǫ, p¯;T ) ≃ −Nf I˜2(T ) +Nf
a
M2ρ
I˜4(T )−Nf a
√
Mρ
8π3
e−Mρ/TT 3/2,(3.138)
ReΠ
s
⊥(p0 = p¯+ iǫ, p¯;T ) ≃ −Nf I˜2(T )−Nf
a
M2ρ
I˜4(T ) +Nf a
√
Mρ
8π3
e−Mρ/TT 3/2.(3.139)
By using Eqs. (3.138) and (3.139) and neglecting the terms proportional to the suppression
factor e−Mρ/T , the pion velocity is expressed as
v2π(p¯;T ) ≃ 1−Nf
2a
F 2πM
2
ρ
I˜4(T )
= 1− Nf
15
aπ2
T 4
F 2πM
2
ρ
< 1 . (3.140)
This shows that the pion velocity is smaller than the speed of light already at one-loop level
in the HLS due to the ρ-loop effect. This is different from the result obtained in the ordinary
ChPT including only the pion at one-loop [see for example, Ref. [20] and references therein].
Generally, the longitudinal ρ contribution to Π
t
⊥ expressed by B
t
in Eq. (3.136) differs from
that to Π
s
⊥ by B
s
in Eq. (3.137), which implies that, below the critical temperature, there
always exists a deviation of the pion velocity from the speed of light due to the longitudinal
ρ-loop effect:
v2π(p¯;T ) < 1 for 0 < T < Tc . (3.141)
Next, we study the temporal and spatial pion decay constants in hot matter defined by
Eqs. (3.131) and (3.132). The imaginary parts of Π
t
⊥ and Π
s
⊥ in the low temperature region
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are given by
ImΠ
t
⊥(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
p¯≪T≃ Nf
4
a ImB
t
(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
T≪Mρ≃ Nf
8π
aM2ρ e
−Mρ/T , (3.142)
ImΠ
s
⊥(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
p¯≪T≃ Nf
4
a ImB
s
(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
T≪Mρ≃ − Nf
8π
aM2ρ e
−Mρ/T . (3.143)
Thus the contributions from the imaginary parts ImΠ
t,s
⊥ are small because of the suppression
factor e−Mρ/T . From Eqs. (3.138) and (3.139) with I˜2(T ) = T
2/12 and I˜4(T ) = π
2T 4/30, we
obtain the following results for the real parts of f tπ and f
s
π:
[Ref tπ]F˜ ≃ F 2π −Nf
[
T 2
12
− a π
2
30M2ρ
T 4 + a
√
Mρ
8π3
e−Mρ/TT 3/2
]
,
[Ref sπ]F˜ ≃ F 2π −Nf
[
T 2
12
+
a π2
30M2ρ
T 4 − a
√
Mρ
8π3
e−Mρ/TT 3/2
]
. (3.144)
We note that F˜ = Ref tπ as shown in Eq. (3.133). Then, neglecting the terms suppressed by
e−Mρ/T , we obtain the difference between (f tπ)
2 and f tπf
s
π as
(f tπ)
2 − f tπf sπ ≃
Nf
15
aπ2
T 4
M2ρ
> 0. (3.145)
This implies that the contribution from the ρ-loop (the second and third terms in the brackets)
generates a difference between the temporal and spatial pion decay constants in the low tem-
perature region. Similarly, at general temperature below Tc, there exists a difference between
f tπF˜ and f
s
πF˜ due to the ρ-loop effects: [Ref
t
π]F˜ > [Ref
s
π]F˜ . Since we can always take F˜ to be
positive, we find that Ref tπ is larger than Ref
s
π:
Ref tπ(p¯;T ) > Ref
s
π(p¯;T ) for 0 < T < Tc . (3.146)
This result is consistent with Eq. (3.141) because v2π− 1 = (F˜ /F 2π )[Ref sπ−Ref tπ] by definition.
The difference between (f tπ)
2 and f tπf
s
π shown in Eq. (3.145) is tiny, and the hadronic thermal
corrections to them are dominated by the first term (T 2/12) in the bracket in Eq. (3.144).
Then, in the very low temperature region, the above expressions are further reduced to
f 2π = (f
t
π)(f
s
π) ∼ (f tπ)2 ∼ Fπ2 −
Nf
12
T 2, (3.147)
which is consistent with the result obtained in Ref. [71].
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Figure 3.6: Leading contributions to the γππ interaction.
3.4.3 Vector meson dominance
As shown in section 3.1, the HLS theory can reproduce the vector dominance (VD) of the
electromagnetic form factor of pion, which is phenomenologically successful in mesonic system.
In this subsection, we study the validity of the VD in hot matter.
We first study the direct γππ interaction at zero temperature. We expand the Lagrangian
(3.13) in terms of the π field with taking the unitary gauge of the HLS (σ = 0) to obtain
L(2) = tr [∂µπ∂µπ] + ag2F 2π tr [ρµρµ] + 2i
(
1
2
ag
)
tr [ρµ [∂µπ , π]]
− 2 (agF 2π) tr [ρµVµ] + 2i(1− a2) tr [Vµ [∂µπ , π]] + · · · , (3.148)
where the vector meson field ρµ is introduced by
Vµ = gρµ , (3.149)
and vector external gauge field Vµ is defined as
Vµ ≡ 1
2
(Rµ + Lµ) . (3.150)
At the leading order of the derivative expansion in the HLS, there are two contributions shown
in Fig. 3.6, i.e., the direct γππ interaction [Fig. 3.6 (a)] and the ρ-mediated interaction [Fig. 3.6
(b)]. The form of the direct γππ interaction is easily read from Eq. (3.148) as
Γ
(a)µ
γππ(tree) = e(q − k)µ
(
1− a
2
)
, (3.151)
where e is the electromagnetic coupling constant and q and k denote outgoing momenta of the
pions. This shows that, for the parameter choice a = 2, the direct γππ coupling vanishes (the
VD of the electromagnetic form factor of the pion).
At the next order there exist quantum corrections. In the background field gauge adopted
in the present analysis the background fields Aµ and Vµ include the photon field Aµ and the
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background pion field π¯ as
Aµ = 1
Fπ(0)
∂µπ¯ +
i e
Fπ(0)
Aµ [Q , π¯] + · · · ,
Vµ = eQAµ − i
2F 2π (0)
[∂µπ¯ , π¯] + · · · , (3.152)
where Fπ(0) is the on-shell pion decay constant (residue of the pion pole) in order to identify
the field π¯ with the on-shell pion field, and the charge matrix Q is given by
Q =

2/3
−1/3
−1/3
 . (3.153)
The direct γππ interaction including the next order correction is determined from the two-
point functions of Vµ-Vν and Aµ-Aν and three-point function of Vµ-Aα-Aβ. We can easily show
that contribution from the three-point function vanishes in the low energy limit as follows: Let
Γµαβ
VAA
denote the Vµ-Aα-Aβ three-point function. Then the direct γππ coupling derived from
this three-point function is proportional to qαkβΓ
µαβ
VAA
. Since the legs α and β of Γµαβ
VAA
are
carried by q or k, qαkβΓ
µαβ
VAA
is generally proportional to two of q2, k2 and q · k. Since the loop
integral does not generate any massless poles, this implies that qαkβΓ
µαβ
VAA
vanishes in the low
energy limit q2 = k2 = q · k = 0. Thus, the direct γππ interaction in the low energy limit can
be read from the two-point functions of Vµ-Vν and Aµ-Aν as
Γµγππ = e
1
F 2π (0)
[
qνΠ
µν
⊥ (q)− kνΠµν⊥ (k)−
1
2
(q − k)νΠµν‖ (p)
]
, (3.154)
where pν = (q+k)ν is the photon momentum. Substituting the decomposition of the two-point
function given in Eq. (3.66) and taking the low-energy limit q2 = k2 = p2 = 0, we obtain
Γµγππ = e(q − k)µ
[
1− 1
2
Π
(vac)S
‖ (p
2 = 0)
F 2π (0)
]
, (3.155)
where we used Π
(vac)S
⊥ (q
2 = 0) = F 2π (0). Comparing the above expression with the one in
Eq. (3.151), we define the parameter a(0) at one-loop level as
a(0) =
Π
(vac)S
‖ (p
2 = 0)
F 2π (0)
. (3.156)
We note that, in Ref. [21], a(0) is defined by the ratio F 2σ (Mρ)/F
2
π (0) by neglecting the finite
renormalization effect which depends on the details of the renormalization condition. While
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the above a(0) in Eq. (3.156) defined from the direct γππ interaction is equivalent to the one
used in Ref. [15]. In the present renormalization condition (C.16), Π
(vac)S
‖ (p
2 = 0) is given by
Π
(vac)S
‖ (p
2 = 0) = F 2σ (Mρ) +
Nf
(4π)2
M2ρ (2−
√
3 tan−1
√
3) . (3.157)
By adding this, the parameter a(0) is expressed as
a(0) =
F 2σ (Mρ)
F 2π (0)
+
Nf
(4π)2
M2ρ
F 2π (0)
(2−
√
3 tan−1
√
3) . (3.158)
Using Mρ = 771.1MeV, Fπ(µ = 0) = 86.4MeV estimated in the chiral limit [38, 40, 39]
#10
and F 2σ (Mρ)/F
2
π (0) = 2.03 obtained through the Wilsonian matching for ΛQCD = 400MeV and
the matching scale Λ = 1.1GeV in Ref. [13], we estimate the value of a(0) at zero temperature
as
a(0) ≃ 2.31 . (3.159)
This implies that the VD is well satisfied at T = 0 even though the value of the parameter a
at the scale Mρ is close to one [72].
Now, let us study the direct γππ coupling in hot matter. In general, the electric mode and
the magnetic mode of the photon couple to the pions differently in hot matter, so that there
are two parameters as extensions of the parameter a. Similarly to the one obtained at T = 0 in
Eq. (3.154), in the low energy limit the direct γππ interaction derived from Aµ-Aν and Vµ-Vν
two-point functions is expressed as
Γµγππ(p; q, k)
=
1
F˜ (q¯;T )F˜ (k¯;T )
[
qν Π
µν
⊥ (q0, q¯;T )− kν Πµν⊥ (k0, k¯;T )
− 1
2
(q − k)ν Πµν‖ (p0, p¯;T )
]
, (3.160)
where q and k denote outgoing momenta of the pions and p = (q+k) is the photon momentum.
F˜ is the wave function renormalization of the background π¯ field given in Eq. (3.133). Note
that each pion is on its mass shell, so that q0 = vπ(q¯)q¯ and k0 = vπ(k¯)k¯. To define extensions
of the parameter a, we consider the soft limit of the photon: p0 → 0 and p¯→ 0. #11 Then the
pion momenta become
q0 = −k0 , q¯ = −k¯ . (3.161)
#10In Ref. [13], it was assumed that the scale dependent Fpi(µ) agrees with the scale-independent parameter
Fpi in the ChPT at µ = 0 to obtain Fpi(µ = 0) = 86.4± 9.7MeV. Here, we simply use this value to get a rough
estimate of the value of the parameter a(0) as done in Ref. [13].
#11Note that we take the p0 → 0 limit first and then take the p¯ → 0 limit for definiteness. This is natural
since the form factor in the vacuum is defined for space-like momentum of the photon.
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Note that while only two components Πt⊥ and Π
s
⊥ appear in qν Π
µν
⊥ or kν Π
µν
⊥ , (q − k)ν Πµν‖
includes all four components Πt‖, Π
s
‖, Π
L
‖ and Π
T
‖ . Since the tree part of Π
L
‖ and Π
T
‖ is −2z2 p2
which vanishes at p2 = 0, it is natural to use only Πt‖ and Π
s
‖ to define the extensions of the
parameter a. By including these two parts only, the temporal and the spatial components of
Γµγππ are given by
Γ0γππ(0; q,−q) =
2q0
F˜ 2(q¯;T )
[
Πt⊥(q0, q¯;T )−
1
2
Πt‖(0, 0;T )
]
,
Γiγππ(0; q,−q) =
−2qi
F˜ 2(q¯;T )
[
Πs⊥(q0, q¯;T )−
1
2
Πs‖(0, 0;T )
]
. (3.162)
Thus we define at(T ) and as(T ) as
at(q¯;T ) =
Πt‖(0, 0;T )
Πt⊥(q0, q¯;T )
,
as(q¯;T ) =
Πs‖(0, 0;T )
Πs⊥(q0, q¯;T )
. (3.163)
Here we should stress again that the pion momentum qµ is on mass-shell: q0 = vπ(q¯)q¯.
In the HLS at one-loop level the above at(q¯;T ) and as(q¯;T ) are expressed as
at(q¯;T ) = a(0)
[
1 +
Π
t
‖(0, 0;T )− a(0)Π
t
⊥(q¯, q¯;T )
a(0)F 2π (0;T )
]
, (3.164)
as(q¯;T ) = a(0)
[
1 +
Π
s
‖(0, 0;T )− a(0)Π
s
⊥(q¯, q¯;T )
a(0)F 2π (0;T )
]
, (3.165)
where a(0) is defined in Eq. (3.156). From Eq. (3.93) together with Eq. (B.9) we obtain Π
t
‖
and Π
s
‖ in Eqs. (3.164) and (3.165) as
Π
t
‖(0, 0;T ) = Π
s
‖(0, 0;T )
= −Nf
4
[
a2I˜2(T )− J˜21 (Mρ;T ) + 2J˜0−1(Mρ;T )
]
. (3.166)
Let us study the temperature dependence of the parameters at(q¯;T ) and as(q¯;T ) in the low
temperature region. At low temperature T ≪Mρ the functions J˜21 (Mρ;T ) and J˜0−1(Mρ;T ) are
suppressed by e−Mρ/T . Then the dominant contribution is given by I˜2(T ) = T
2/12. Combining
this with Eq. (3.138) and (3.139), we obtain
at ≃ as ≃ a(0)
[
1 +
Nf
12
(
1− a
2
4a(0)
)
T 2
F 2π (0;T )
]
, (3.167)
where a is the parameter renormalized at the scale µ =Mρ, while a(0) is defined in Eq. (3.156).
We expect that the temperature dependences of the parameters are small in the low tempera-
ture region, so that we use the values of parameters at T = 0 to estimate the hadronic thermal
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corrections to at,s(T ). By using Fπ(0) = 86.4MeV, a(0) ≃ 2.31 given in Eq. (3.159) and
a(Mρ) = 1.38 obtained through the Wilsonian matching for (ΛQCD , Λ) = (0.4 , 1.1)GeV and
Nf = 3 [13], a
t and as in Eq. (3.167) are evaluated as
at ≃ as ≃ a(0)
[
1 + 0.066
(
T
50MeV
)2]
. (3.168)
This implies that the parameters at and as increase with temperature in the low temperature
region. However, since the correction is small, we conclude that the vector dominance is well
satisfied in the low temperature region.
3.5 Lorentz Non-invariance at Bare Level
As stressed in section 2.3, the Lorentz non-invariance appears in the bare HLS theory as a
result of including the intrinsic temperature dependence. Once the temperature dependence
of the bare parameters is determined through the matching with QCD mentioned above, the
parameters appearing in the hadronic corrections pick up the intrinsic thermal effects through
the RGEs. Then the HLS Lagrangian in hot and/or dense matter is generically Lorentz non-
invariant. Its explicit form was presented in Ref. [22]. In this section, we show the HLS
Lagrangian at leading order including the effects of Lorentz non-invariance.
Two matrix valued variables ξL(x) and ξR(x) are now parameterized as
#12
ξL,R(x) = e
iσ(x)/F tσe∓iπ(x)/F
t
pi , (3.169)
where F tπ and F
t
σ denote the temporal components of the decay constant of π and σ, respec-
tively. The leading order Lagrangian with Lorentz non-invariance can be written as [22]
L =
[
(F tπ)
2uµuν + F
t
πF
s
π (gµν − uµuν)
]
tr [αˆµ⊥αˆ
ν
⊥]
+
[
(F tσ)
2uµuν + F
t
σF
s
σ (gµν − uµuν)
]
tr
[
αˆµ‖ αˆ
ν
‖
]
+
[
− 1
g2L
uµuαgνβ − 1
2g2T
(gµαgνβ − 2uµuαgνβ)
]
tr
[
V µνV αβ
]
. (3.170)
Here F sπ denote the spatial pion decay constant and similarly F
s
σ for the σ. The rest frame of
the medium is specified by uµ = (1,~0) and Vµν is the field strength of Vµ. gL and gT correspond
in medium to the HLS gauge coupling g. The parametric π and σ velocities are defined by [20]
V 2π = F
s
π/F
t
π, V
2
σ = F
s
σ/F
t
σ. (3.171)
#12The wave function renormalization constant of the pion field is given by the temporal component of the
pion decay constant [70]. Thus we normalize pi and σ by F tpi and F
t
σ respectively.
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The axial-vector and vector current correlators at bare level are constructed in terms of
bare parameters and are divided into the longitudinal and transverse components:
GµνA,V = P
µν
L G
L
A,V + P
µν
T G
T
A,V , (3.172)
where P µνL,T are the longitudinal and transverse projection operators, respectively. The axial-
vector current correlator in the HLS around the matching scale Λ is well described by the
following forms with the bare parameters [22, 15]:
GLA(HLS)(p0, p¯) =
p2F tπ,bareF
s
π,bare
−[p20 − V 2π,barep¯2]
− 2p2zL2,bare,
GTA(HLS)(p0, p¯) = −F tπ,bareF sπ,bare − 2
(
p20z
L
2,bare − p¯2zT2,bare
)
, (3.173)
where zL2,bare and z
T
2,bare are the coefficients of the higher order terms, and Vπ,bare is the bare
pion velocity related to F tπ,bare and F
s
π,bare as
V 2π,bare =
F sπ,bare
F tπ,bare
. (3.174)
Similarly, two components of the vector current correlator have the following forms:
GLV (HLS)(p0, p¯)
=
p2 F tσ,bareF
s
σ,bare
(
1− 2g2L,barezL3,bare
)
− [p20 − V 2σ,barep¯2 −M2ρ,bare] − 2p2zL1,bare +O(p4) ,
GTV (HLS)(p0, p¯)
=
F tσ,bareF
s
σ,bare
− [p20 − V 2T,barep¯2 −M2ρ,bare]
×
[
p20
(
1− 2g2L,barezL3,bare
) − V 2T,barep¯2 (1− 2g2T,barezT3,bare)]
− 2 (p20zL1,bare − p¯2zT1,bare)+O(p4) , (3.175)
where zL1,2,bare and z
T
1,2,bare denote the coefficients of the higher order terms. In the above
expressions, the bare vector meson mass in the rest frame, Mρ,bare, is
M2ρ,bare ≡ g2L,bareF tσ,bareF sσ,bare . (3.176)
We define the bare parameters atbare and a
s
bare as
atbare =
(
F tσ,bare
F tπ,bare
)2
, asbare =
(
F sσ,bare
F sπ,bare
)2
, (3.177)
and the bare σ and transverse ρ velocities as
V 2σ,bare =
F sσ,bare
F tσ,bare
, V 2T,bare =
g2L,bare
g2T,bare
. (3.178)
Chapter 4
Wilsonian Matching at Finite
Temperature
In order to fix full temperature dependences of physical quantities, parameters of the EFT
should be determined through the matching to QCD. In this chapter, we perform the matching
in the Wilsonian sense discussed in section 2.2. The bare parameters of HLS theory at zero
temperature were originally determined in Ref. [64], where they matched the bare HLS theory
to the operator product expansion (OPE). The Wilsonian matching well describes the real
world (for details, see Ref. [13]). Applying this scheme to QCD in hot/dense matter, we obtain
the bare parameters in terms of the OPE variables like expectation value of an operator. The
intrinsic thermal effects of bare parameters are caused by the temperature dependences of such
condensations at a matching scale, which are evaluated in the thermal vacuum.
In this chapter, we briefly review the Wilsonian matching proposed at zero temperature.
Next we extend the Wilsonian matching to the version at non-zero temperature in order
to incorporate the intrinsic thermal effect into the bare parameters of the HLS Lagrangian
following Refs. [14, 15, 16, 17, 18]. There we also discuss the effect of Lorentz symmetry
violation at bare level.
4.1 Wilsonian Matching Conditions at T = 0
The Wilsonian matching proposed in Ref. [64] is done by matching the axial-vector and vector
current correlators derived from the HLS with those by the operator product expansion (OPE)
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in QCD at the matching scale Λ. #1 The axial-vector and vector current correlators in the
OPE up until O(1/Q6) at T = 0 are expressed as [73]
G
(QCD)
A (Q
2) =
1
8π2
(
Nc
3
)[
−
(
1 +
3(N2c − 1)
8Nc
αs
π
)
ln
Q2
µ2
+
π2
Nc
〈
αs
π
GµνG
µν
〉
Q4
+
π3
Nc
96(N2c − 1)
N2c
(
1
2
+
1
3Nc
)
αs 〈q¯q〉2
Q6
]
, (4.1)
G
(QCD)
V (Q
2) =
1
8π2
(
Nc
3
)[
−
(
1 +
3(N2c − 1)
8Nc
αs
π
)
ln
Q2
µ2
+
π2
Nc
〈
αs
π
GµνG
µν
〉
Q4
− π
3
Nc
96(N2c − 1)
N2c
(
1
2
− 1
3Nc
)
αs 〈q¯q〉2
Q6
]
, (4.2)
where µ is the renormalization scale of QCD and we wrote the Nc-dependences explicitly (see,
e.g., Ref. [74]). In the HLS the same correlators are well described by the tree contributions
with including O(p4) terms when the momentum is around the matching scale, Q2 ∼ Λ2:
G
(HLS)
A (Q
2) =
F 2π (Λ)
Q2
− 2z2(Λ) , (4.3)
G
(HLS)
V (Q
2) =
F 2σ (Λ)
M2ρ (Λ) +Q
2
[
1− 2g2(Λ)z3(Λ)
]− 2z1(Λ) , (4.4)
where we defined the bare ρ mass Mρ(Λ) as
M2ρ (Λ) ≡ g2(Λ)F 2σ (Λ) . (4.5)
We require that current correlators in the HLS in Eqs. (4.3) and (4.4) can be matched
with those in QCD in Eqs. (4.1) and (4.2). Of course, this matching cannot be made for any
value of Q2, since the Q2-dependences of the current correlators in the HLS are completely
different from those in the OPE: In the HLS the derivative expansion (in positive power of
Q) is used, and the expressions for the current correlators are valid in the low energy region.
The OPE, on the other hand, is an asymptotic expansion (in negative power of Q), and it is
valid in the high energy region. Since we calculate the current correlators in the HLS including
the first non-leading order [O(p4)], we expect that we can match the correlators with those in
the OPE up until the first derivative #2. Then we obtain the following Wilsonian matching
#1For the validity of the expansion in the HLS the matching scale Λ must be smaller than the chiral symmetry
breaking scale Λχ as we stressed in chapter 2.
#2If there exists an overlapping area around a scale Λ˜, we can require the matching condition at that Λ˜. In
fact, the Wilsonian matching at T = 0 in three flavor QCD was shown to give several predictions in remarkable
agreement with experiments [64, 13]. This strongly suggests that there exists such an overlapping region.
As discussed in Ref. [13], Λ ≪ ΛHLS can be justified in the large Nc limit, where ΛHLS denotes the scale at
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conditions [64, 13] #3
F 2π (Λ)
Λ2
=
1
8π2
(
Nc
3
)[
1 +
3(N2c − 1)
8Nc
αs
π
+
2π2
Nc
〈
αs
π
GµνG
µν
〉
Λ4
+
288π(N2c − 1)
N3c
(
1
2
+
1
3Nc
)
αs 〈q¯q〉2
Λ6
]
, (4.6)
F 2σ (Λ)
Λ2
Λ4[1− 2g2(Λ)z3(Λ)]
(Mρ
2(Λ) + Λ2)2
=
1
8π2
(
Nc
3
)[
1 +
3(N2c − 1)
8Nc
αs
π
+
2π2
Nc
〈
αs
π
GµνG
µν
〉
Λ4
− 288π(N
2
c − 1)
N3c
(
1
2
− 1
3Nc
)
αs 〈q¯q〉2
Λ6
]
, (4.7)
F 2π (Λ)
Λ2
− F
2
σ (Λ)[1− 2g2(Λ)z3(Λ)]
Mρ
2(Λ) + Λ2
− 2[z2(Λ)− z1(Λ)]
=
4π(N2c − 1)
N2c
αs 〈q¯q〉2
Λ6
. (4.8)
The above three equations (4.8), (4.6) and (4.7) are the Wilsonian matching conditions pro-
posed in Ref. [64]. They determine several bare parameters of the HLS without much ambi-
guity. Especially, the first condition (4.6) determines the ratio Fπ(Λ)/Λ directly from QCD.
4.2 Wilsonian Matching Conditions at T 6= 0
Next we consider the extension of the matching conditions at T = 0 to the analysis in hot
matter. We present the matching conditions to determine the bare pion decay constants
including the effect of Lorentz symmetry breaking at the bare level which is caused by the
intrinsic thermal effect.
Case neglecting Lorentz non-invariance
Before going to study the matching conditions taking into account the possible Lorentz non-
invariance, we consider a naive extension of the matching to the one in hot matter: Strictly
speaking, inclusion of intrinsic effects generates Lorentz non-invariance in bare theory. Then
which the HLS theory breaks down (see also section 3.1). We obtain the matching conditions in Nc = 3 by
extrapolating the conditions in large Nc. As we mentioned above, the success of the Wilsonian matching at
T = 0 with taking the matching scale as Λ = 1.1GeV shows that this extrapolation is valid.
#3One might think that there appear corrections from ρ and/or pi loops in the left-hand-sides of Eqs. (4.6)
and (4.7). However, such corrections are of higher order in the present counting scheme, and thus we neglect
them here at Q2 ∼ Λ2. In the low-energy scale we incorporate the loop effects into the correlators.
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we should include the Lorentz non-scalar operators such as q¯γµDνq into the form of the current
correlators derived from the OPE [75], which leads to a difference between the temporal and
spatial bare pion decay constants. However, we neglect the contributions from these operators
since they give a small correction compared with the main term 1+ αs
π
as discussed in Ref. [14].
This implies that the Lorentz symmetry breaking effect in the bare pion decay constant is
small, F tπ,bare ≃ F sπ,bare [15]. In fact, we will see below that the difference between them is
caused by an existence of a higher spin operator in the OPE side of the Wilsonian matching
condition. Thus to a good approximation we determine the pion decay constant at non-zero
temperature through the matching condition at zero temperature, putting possible temperature
dependences into the gluonic and quark condensates [14, 15]:
F 2π (Λ;T )
Λ2
=
1
8π2
[
1 +
αs
π
+
2π2
3
〈αs
π
GµνG
µν〉T
Λ4
+ π3
1408
27
αs〈q¯q〉2T
Λ6
]
. (4.9)
Through this condition the temperature dependences of the quark and gluonic condensates
determine the intrinsic temperature dependences of the bare parameter Fπ(Λ;T ), which is then
converted into those of the on-shell parameter Fπ(µ = 0;T ) through the Wilsonian RGEs.
Case taking into account Lorentz non-invariance
Now we study the Wilsonian matching conditions for the bare pion decay constants without
Lorentz invariance. From the bare Lagrangian with replacement of the parameters by the bare
ones in Eq. (3.170), the current correlator at the matching scale is constructed as Eq. (3.173):
GLA(HLS)(q0, q¯) =
F tπ,bareF
s
π,bare
−[q20 − V 2π,bareq¯2]
− 2zL2,bare ,
GTA(HLS)(q0, q¯) = −
F tπ,bareF
s
π,bare
q2
− 2q
2
0z
L
2,bare − q¯2zT2,bare
q2
, (4.10)
where Vπ,bare = F
s
π,bare/F
t
π,bare is the bare pion velocity. To perform the matching, we regard
GL,TA as functions of −q2 and q¯2 instead of q0 and q¯, and expand GL,TA in a Taylor series around
q¯ = |~q| = 0 in q¯2/(−q2) as follows:
GLA(−q2, q¯2) = GL(0)A (−q2) +GL(1)A (−q2)q¯2 + · · · ,
GTA(−q2, q¯2) = GT (0)A (−q2) +GT (1)A (−q2)q¯2 + · · · . (4.11)
In the following, we determine the bare pion velocity Vπ,bare from G
L(0)
A and G
L(1)
A via the
matching.
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Expanding G
(HLS)L
A in Eq. (4.10) in terms of q¯
2/(−q2), we obtain
G
(HLS)L(0)
A (−q2) =
F tπ,bareF
s
π,bare
−q2 − 2z
L
2,bare , (4.12)
G
(HLS)L(1)
A (−q2) =
F tπ,bareF
s
π,bare(1− V 2π,bare)
(−q2)2 . (4.13)
On the other hand, the correlator GµνA in the QCD sector to be given in OPE is more involved.
Our strategy goes as follows. Since the effect of Lorentz non-invariance in medium has been
more extensively studied in dense matter, we first examine the form of the relevant correlator
in dense matter following Refs. [76, 77]. The current correlator G˜µν constructed from the
current defined by
J (q)µ = q¯γµq, or J
(q)
5µ = q¯γ5γµq, (4.14)
is given by
G˜µν(q0, q¯) = (q
µqν − gµνq2)
[
−c0 ln |Q2|+
∑
n
1
Qn
An,n
]
+
∑
τ=2
∑
k=1
[−gµνqµ1qµ2 + gµµ1qνqµ2 + qµqµ1gνµ2 + gµµ1gνµ2Q2]
×qµ3 · · · qµ2k 2
2k
Q4k+τ−2
A2k+τ,τµ1···µ2k
+
∑
τ=2
∑
k=1
[
gµν − q
µqν
q2
]
qµ1 · · · qµ2k 2
2k
Q4k+τ−2
C2k+τ,τµ1···µ2k , (4.15)
where Q2 = −q2. τ = d − s denotes the twist, and s = 2k is the number of spin indices of
the operator of dimension d. Here An,n represents the contribution from the Lorentz invariant
operators such as A4,4 = 1
6
〈
αs
π
G2
〉
ρ
. A2k+τ,τµ1···µ2k and C
2k+τ,τ
µ1···µ2k
are the residual Wilson coefficient
times matrix element of dimension d and twist τ ; e.g., A6,2µ1µ2µ3µ4 is given by
A6,2µ1µ2µ3µ4 = i 〈ST (q¯γµ1Dµ2Dµ3Dµ4q)〉ρ , (4.16)
where we have introduced the symbol ST which makes the operators symmetric and traceless
with respect to the Lorentz indices. The general tensor structure of the matrix element of
A2k+τ,τµ1···µ2k is given in Ref. [75]. For k = 2, it takes the following form:
Aαβλσ =
[
pαpβpλpσ − p
2
8
(pαpβgλσ + pαpλgβσ + pαpσgλβ + pβpλgασ
+ pβpσgαλ + pλpσgαβ) +
p4
48
(gαβgλσ + gαλgβσ + gασgβλ)
]
A4 (4.17)
For τ = 2 with arbitrary k, we have [76]:
A2k+2,22k = C
q
2,2kA
q
2k + C
G
2,2kA
G
2k
C2k+2,22k = C
q
L,2kA
q
2k + C
G
L,2kA
G
2k , (4.18)
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where Cq2,2k = 1 + O(αs), Cq,GL,2k ∼ O(αs) and CG2,2k ∼ O(αs) (with the superscripts q and G
standing respectively for quark and gluon) are the Wilson coefficients in the OPE [76]. The
quantities Aqn and A
G
n are defined by
Aqn(µ) = 2
∫ 1
0
dx xn−1[q(x, µ) + q¯(x, µ)]
AGn (µ) = 2
∫ 1
0
dx xn−1G(x, µ) , (4.19)
where q(x, µ) and G(x, µ) are quark and gluon distribution functions respectively. We observe
that (4.15) consists of three classes of terms: One is independent of the background, i.e.,
density in this case, the second consists of scalar operators with various condensates 〈O〉ρ and
the third is made up of non-scalar operators whose matrix elements in dense matter could not
be simply expressed in terms of various condensates 〈O〉ρ.
It is clear that Eq. (4.15) is a general expression that can be applied equally well to heat-
bath systems. Thus we can simply transcribe (4.15) to the temperature case by replacing
the condensates 〈O〉ρ by 〈O〉T and the quantities A2k+τ,τµ1···µ2k and C2k+τ,τµ1···µ2k by the corresponding
quantities in heat bath. (We show the matching condition on the bare pion velocity at finite
density in Appendix F.) The higher the twist of operators becomes, the more these operators
are suppressed since the dimensions of such operators become higher and the power of 1/Q2
appear. Thus in the following, we restrict ourselves to contributions from the twist 2 (τ = 2)
operators. Then the temperature-dependent correlator can be written as
GµνA (q0, q¯) = (q
µqν − gµνq2)−1
4
[
1
2π2
(
1 +
αs
π
)
ln
(
Q2
µ2
)
+
1
6Q4
〈αs
π
G2
〉
T
− 2παs
Q6
〈(
u¯γµγ5λ
au− d¯γµγ5λad
)2〉
T
− 4παs
9Q6
〈(
u¯γµλ
au+ d¯γµλ
ad
) u,d,s∑
q
q¯γµλaq
〉
T
]
+ [−gµνqµ1qµ2 + gµµ1qνqµ2 + qµqµ1gνµ2 + gµµ1gνµ2Q2]
× [ 4
Q4
A4,2µ1µ2 +
16
Q8
qµ3qµ4A6,2µ1µ2µ3µ4 ] , (4.20)
where GµνA is constructed from the axial-vector current associated with the iso-triplet channel
defined by
J5µ =
1
2
(u¯γ5γµu− d¯γ5γµd), (4.21)
and we keep terms only up to the order of 1/Q8 for A2k+2,2µ1···µ2k . The λ
a denote the SU(3) color
matrices normalized as tr[λaλb] = 2δab. Here we have dropped the terms with C2k+2,2µ1···µ2k in the
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non-scalar operators since they are of higher order in both 1/(Q2)n and αs compared to the
terms in the first line of Eq. (4.20). The temperature dependence of A4,2µ1µ2 and A
6,2
µ1µ2µ3µ4
,
implicit in Eq. (4.20), will be specified below.
In order to effectuate the Wilsonian matching, we should in principle evaluate the conden-
sates and temperature-dependent matrix elements of the non-scalar operators in Eq.(4.20) at
the given scale Λ and temperature T in terms of QCD variables only. This can presumably be
done on lattice. However no complete information is as yet available from model-independent
QCD calculations. We are therefore compelled to resort to indirect methods and we adopt
here an approach borrowed from QCD sum-rule calculations.
Let us first evaluate the quantities that figure in Eq.(4.20) at low temperature. In low
temperature regime, only the pions are expected to be thermally excited. In the dilute pion-
gas approximation, 〈O〉T is evaluated as
〈O〉T ≃ 〈O〉0 +
3∑
a=1
∫
d3p
2ǫ(2π)3
〈πa(~p)|O|πa(~p)〉nB(ǫ/T ), (4.22)
where ǫ =
√
p¯2 +m2π and nB is the Bose-Einstein distribution. As an example, we consider the
operator of (τ, s) = (2, 4) that contributes to both G
L(0)
A and G
L(1)
A . Noting that G
L
A(q0, q¯) =
GA00/q¯
2, we evaluate GA00(q0, q¯).
G
(τ=2,s=4)
A00 (q0, q¯) =
3
4
∫
d3p
2ǫ(2π)3
16
Q8
[−qαqβ + g0αq0qβ + q0qαg0β + g0αg0βQ2]
×qλqσA6,2(π)αβλσ nB(ǫ/T ), (4.23)
where A
6,2(π)
αβλσ is given by
#4
A
6,2(π)
αβλσ =
[
pαpβpλpσ − p
2
8
(pαpβgλσ + pαpλgβσ + pαpσgλβ + pβpλgασ
+ pβpσgαλ + pλpσgαβ) +
p4
48
(gαβgλσ + gαλgβσ + gασgβλ)
]
Aπ4 , (4.24)
where Aπ4 carries the temperature dependence. Taking m
2
π = 0, we see that the terms with p
2
and p4 in Eq. (4.24) are zero.
From Eqs. (4.20), (4.22) and (4.23), we obtain
G
(OPE)L(0)
A (−q2) =
−1
3
gµνG
(OPE)(0)
A,µν
=
−1
4
[
1
2π2
(
1 +
αs
π
)
ln
(
Q2
µ2
)
+
1
6Q4
〈αs
π
G2
〉
T
#4For the general tensor structure of the matrix elements with a polarized spin-one target, say, along the
beam direction in scattering process, see Ref. [78].
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− 2παs
Q6
〈(
u¯γµγ5λ
au− d¯γµγ5λad
)2〉
T
− 4παs
9Q6
〈(
u¯γµλ
au+ d¯γµλ
ad
) u,d,s∑
q
q¯γµλaq
〉
T
]
+
π2
30
T 4
Q4
A
π(u+d)
2 −
16π4
63
T 6
Q6
A
π(u+d)
4 . (4.25)
G
(OPE)L(1)
A takes the following form
G
(OPE)L(1)
A =
32
105
π4
T 6
Q8
A
π(u+d)
4 . (4.26)
We now proceed to estimate the pion velocity by matching to QCD.
First we consider the matching between G
(HLS)L(0)
A and G
(OPE)L(0)
A . From Eqs. (4.12) and
(4.25), we obtain
(−q2) d
d(−q2)G
(HLS)L(0)
A = −
F tπ,bareF
s
π,bare
Q2
,
(−q2) d
d(−q2)G
(OPE)L(0)
A =
−1
8π2
[(
1 +
αs
π
)
+
2π2
3
〈αs
π
G2〉T
Q4
+ π3
1408
27
αs〈q¯q〉2T
Q6
]
− π
2
15
T 4
Q4
A
π(u+d)
2 +
16π4
21
T 6
Q6
A
π(u+d)
4 . (4.27)
Matching them at Q2 = Λ2, we obtain
F tπ,bareF
s
π,bare
Λ2
=
1
8π2
[(
1 +
αs
π
)
+
2π2
3
〈αs
π
G2〉T
Λ4
+ π3
1408
27
αs〈q¯q〉2T
Λ6
]
+
π2
15
T 4
Λ4
A
π(u+d)
2 −
16π4
21
T 6
Λ6
A
π(u+d)
4
≡ G0. (4.28)
Next we consider the matching between G
(HLS)L(1)
A and G
(OPE)L(1)
A . From Eqs. (4.13) and (4.26),
we have
F tπ,bareF
s
π,bare(1− V 2π,bare)
Λ2
=
32
105
π4
T 6
Λ6
A
π(u+d)
4 . (4.29)
Noting that the right-hand-side of this expression is positive, we verify that
Vπ,bare < 1 (4.30)
which is consistent with the causality.
The bare pion velocity can be obtained by dividing Eq. (4.29) with Eq. (4.28). What we
obtain is the deviation from the speed of light:
δbare ≡ 1− V 2π,bare =
1
G0
32
105
π4
T 6
Λ6
A
π(u+d)
4 . (4.31)
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This should be valid at low temperature. We note that the Lorentz non-invariance does not
appear when we consider the operator with s = 2, and that the operator with s = 4 generates
the Lorentz non-invariance. This is consistent with the fact that GLA including up to the
operator with s = 2 is expressed as the function of only Q2 [79]. Equation (4.31) implies that
the intrinsic temperature dependence starts from the O(T 6) contribution. On the other hand,
the hadronic thermal correction to the pion velocity starts from the O(T 4). [There are O(T 2)
corrections to [f tπ]
2 and [f tπf
s
π], but they are canceled with each other in the pion velocity. See
subsection 3.4.2.] Thus the hadronic thermal effect is dominant in low temperature region.
Chapter 5
Vector Manifestation in Hot Matter
The vector manifestation (VM) is a new pattern for Wigner realization of chiral symmetry, in
sharp contrast to the standard scenario of chiral symmetry restoration. In order to clarify the
difference between the standard scenario and the VM, we consider the chiral representations
of the low-lying mesons.
In the broken phase, the eigenstate of the chiral representation under SU(3)L × SU(3)R
does not generally agree with the mass eigenstate due to the existence of the Nambu-Goldstone
bosons: There exists a representation mixing. Then the scalar, pseudoscalar, vector and axial-
vector mesons belong to the following representations [80, 81]:
|s〉 = |(3, 3∗)⊕ (3∗, 3)〉,
|π〉 = |(3, 3∗)⊕ (3∗, 3)〉 sinψ + |(1, 8)⊕ (8, 1)〉 cosψ,
|ρ〉 = |(1, 8)⊕ (8, 1)〉,
|A1〉 = |(3, 3∗)⊕ (3∗, 3)〉 cosψ − |(1, 8)⊕ (8, 1)〉 sinψ, (5.1)
where ψ denotes the mixing angle and is determined as ψ ≃ 45 ◦.
Now we consider the chiral symmetry restoration, where it is expected that the above
representation mixing is dissolved. From Eq. (5.1), one can easily see that there are two
possibilities for pattern of chiral symmetry restoration. One possible pattern is the case where
cosψ → 0 when we approach the critical point. In this case, the pion belongs to |(3, 3∗)⊕(3∗, 3)〉
and becomes the chiral partner of the scalar meson:
|π〉 = |(3, 3∗)⊕ (3∗, 3)〉,
|s〉 = |(3, 3∗)⊕ (3∗, 3)〉 for cosψ → 0. (5.2)
The vector and axial-vector mesons are in the same multiplet |(1, 8) ⊕ (8, 1)〉. This is the
standard scenario of chiral symmetry restoration.
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Another possibility is the case where sinψ → 0 when we approach the critical point [21].
In this case, the pion belongs to pure |(1, 8) ⊕ (8, 1)〉 and so its chiral partner is the vector
meson:
|π〉 = |(1, 8)⊕ (8, 1)〉,
|ρ〉 = |(1, 8)⊕ (8, 1)〉 for sinψ → 0. (5.3)
The scalar meson joins with the axial-vector meson in the same representation |(3, 3∗)⊕(3∗, 3)〉.
This is nothing but the VM of chiral symmetry.
In order to formulate the VM, we need a theory including both pions and vector mesons.
One of such theories is the one based on the hidden local symmetry (HLS). In the following
sections, we will show how the VM is formulated at the critical point in the framework of the
HLS theory. We also study the predictions of the VM in hot matter.
5.1 Conditions for Bare Parameters
In this section, we summarize the conditions for the bare parameters obtained in Ref. [14]
through the Wilsonian matching at the critical temperature.
5.1.1 Case with Lorentz invariance
We consider the Wilsonian matching near the chiral symmetry restoration point. Here we
assume that the order of the chiral phase transition is second or weakly first order, and thus
the quark condensate becomes zero continuously for T → Tc. First, note that the Wilsonian
matching condition (4.9) provides
F 2π (Λ;Tc)
Λ2
=
1
8π2
[
1 +
αs
π
+
2π2
3
〈αs
π
GµνG
µν〉Tc
Λ4
]
6= 0 , (5.4)
which implies that the matching with QCD dictates
F 2π (Λ;Tc) 6= 0 (5.5)
even at the critical temperature where the on-shell pion decay constant vanishes by adding the
quantum corrections through the RGE including the quadratic divergence [64] and hadronic
thermal corrections, as we will show in section 5.3. As was shown in Ref. [22] for the VM in
dense matter, the Lorentz non-invariant version of the VM conditions for the bare parameters
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are obtained by the requirement of the equality between the axial-vector and vector current
correlators in the HLS, which is valid also in hot matter (see next subsection):
atbare ≡
(
F tσ,bare
F tπ,bare
)2
T→Tc→ 1, asbare ≡
(
F sσ,bare
F sπ,bare
)2
T→Tc→ 1, (5.6)
gT,bare
T→Tc→ 0, gL,bare T→Tc→ 0, (5.7)
where atbare, a
s
bare, gT,bare and gL,bare are the extensions of the parameters abare and gbare in the
bare Lagrangian with the Lorentz symmetry breaking effect included as in Appendix A of
Ref. [22].
When we use the conditions for the parameters at,s in Eq. (5.6) and the above result that
the Lorentz symmetry violation between the bare pion decay constants F t,sπ,bare is small, we
can easily show that the Lorentz symmetry breaking effect between the temporal and spatial
bare sigma decay constants is also small, F tσ,bare ≃ F sσ,bare. While we cannot determine the
ratio gL,bare/gT,bare through the Wilsonian matching since the transverse mode of vector meson
decouples near the critical temperature. #1 However this implies that the transverse mode is
irrelevant for the quantities studied in this thesis. Therefore in the present analysis, we set
gL,bare = gT,bare for simplicity and use the Lorentz invariant Lagrangian at bare level. In the
low temperature region, the intrinsic temperature dependences are negligible, so that we also
use the Lorentz invariant Lagrangian at bare level as in the analysis by the ordinary chiral
Lagrangian in Ref. [71].
At the critical temperature, the axial-vector and vector current correlators derived in the
OPE agree with each other for any value of Q2. Thus we require that these current correlators
in the HLS are equal at the critical temperature for any value of Q2 around Λ2. As we discussed
above, we start from the Lorentz invariant bare Lagrangian even in hot matter, and then the
axial-vector current correlator G
(HLS)
A and the vector current correlator G
(HLS)
V are expressed
by the same forms as those at zero temperature with the bare parameters having the intrinsic
temperature dependences:
G
(HLS)
A (Q
2;T ) =
F 2π (Λ;T )
Q2
− 2z2(Λ;T ),
#1In Ref. [22], the analysis including the Lorentz non-invariance at bare HLS theory was carried out. Due
to the equality between axial-vector and vector current correlators, (gL,bare, gT,bare)→ (0, 0) is satisfied when
we approach the critical point. This implies that at the bare level the longitudinal mode becomes the real NG
boson and couples to the vector current correlator, while the transverse mode decouples. Furthermore gL → 0
is a fixed point for the RGE [17]. Thus in any energy scale the transverse mode decouples from the vector
current correlator. For details, see next subsection.
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G
(HLS)
V (Q
2;T ) =
F 2σ (Λ;T )[1− 2g2(Λ;T )z3(Λ;T )]
Mρ
2(Λ;T ) +Q2
− 2z1(Λ;T ). (5.8)
By taking account of the fact F 2π (Λ;Tc) 6= 0 derived from the Wilsonian matching condition
given in Eq. (5.4), the requirement G
(HLS)
A = G
(HLS)
V is satisfied only if the following conditions
are met [14]:
g(Λ;T )
T→Tc→ 0, (5.9)
a(Λ;T ) = F 2σ (Λ;T )/F
2
π (Λ;T )
T→Tc→ 1, (5.10)
z1(Λ;T )− z2(Λ;T ) T→Tc→ 0. (5.11)
Note that the intrinsic thermal effects act on the parameters in such a way that they become
the values of Eqs. (5.9)-(5.11).
Through the Wilsonian matching at non-zero temperature mentioned above, the parame-
ters appearing in the hadronic thermal corrections calculated in section 3.2 have the intrinsic
temperature dependences: Fπ, a and g appearing there should be regarded as
Fπ ≡ Fπ(µ = 0;T ) ,
a ≡ a (µ =Mρ(T );T ) ,
g ≡ g (µ =Mρ(T );T ) , (5.12)
where Mρ is determined from the on-shell condition:
M2ρ ≡ M2ρ (T ) = a(µ = Mρ;T )g2(µ =Mρ;T )F 2π (µ =Mρ;T ) . (5.13)
From the RGEs for g and a in Eqs.(C.29) and (C.28), we find that (g, a) = (0, 1) is the fixed
point. Therefore, Eqs. (5.9) and (5.10) imply that g and a at the on-shell of the vector meson
take the same values:
a (µ = Mρ(T );T )
T→Tc−→ 1 ,
g (µ = Mρ(T );T )
T→Tc−→ 0 , (5.14)
where the parametric vector meson mass Mρ(T ) is determined from the condition (5.13). The
above conditions with Eq. (5.13) imply that Mρ(T ) also vanishes:
Mρ(T )
T→Tc−→ 0 . (5.15)
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5.1.2 Case without Lorentz invariance
In this subsection, we start from the Lagrangian with Lorentz non-invariance, and requiring
that the axial-vector current correlator be equal to the vector current correlator at the critical
point, we obtain the conditions for the bare parameters. Then we show that the conditions
are satisfied in any energy scale, which is protected by the fixed point of the RGEs.
First we show the Lorentz non-invariant version of the conditions satisfied at the critical
temperature for the bare parameters, following Ref. [22] where the conditions for the current
correlators with the bare parameters in dense matter were presented. We consider the matching
near the critical temperature. At the chiral phase transition point, the axial-vector and vector
current correlators must agree with each other: GLA(HLS) = G
L
V (HLS) and G
T
A(HLS) = G
T
V (HLS).
These equalities are satisfied for any values of p0 and p¯ around the matching scale only if the
following conditions are met:
atbare → 1, asbare → 1,
gL,bare → 0, gT,bare → 0 for T → Tc. (5.16)
This implies that at bare level the longitudinal mode of the vector meson becomes the real
NG boson and couples to the vector current correlator, while the transverse mode decouples.
Next, we show that the conditions for the bare parameters for T → Tc are satisfied in any
energy scale and that this is protected by the fixed point of the RGEs.
It was shown that the HLS gauge coupling g = 0 is a fixed point of the RGE for g at one-
loop level [60, 64]. The existence of the fixed point g = 0 is guaranteed by the gauge invariance.
This is easily understood from the fact that the gauge field is normalized as Vµ = gρµ. In the
present case without Lorentz symmetry, the gauge field is normalized by gL as Vµ = gLρµ and
thus gL = 0 becomes a fixed point of the RGE for gL.
Provided that gL = 0 is a fixed point, we can show that a
t = as = 1 is also a fixed point of
the coupled RGEs for at and as as follows: We start from the bare theory defined at a scale Λ
with atbare = a
s
bare = 1 (and gL = 0). The parameters a
t and as at (Λ − δΛ) are calculated by
integrating out the modes in [Λ − δΛ,Λ]. They are obtained from the two-point functions of
Aµ and Vµ, denoted by Πµν⊥ and Πµν‖ . We decompose these functions into
Πµν⊥,‖ = u
µuνΠt⊥,‖ + (g
µν − uµuν)Πs⊥,‖ + P µνL ΠL⊥,‖ + P µνT ΠT⊥,‖, (5.17)
where uµuν , (gµν−uµuν), P µνL and P µνT denote the temporal, spatial, longitudinal and transverse
projection operators, respectively. The parameters at and as are defined by at = Πt‖/Π
t
⊥ , a
s =
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σ
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ρβ
Figure 5.1: Diagrams for contributions to Πµν⊥ at one-loop level.
(b) (c) (d)
σ
σ pi
pi
pi
^
^
^
^
^
(a)
σ
^
^
ρβ
Figure 5.2: Diagrams for contributions to Πµν‖ at one-loop level.
Πs‖/Π
s
⊥ [16]. These expressions are further reduced to
at(Λ− δΛ) = atbare +
1
(F tπ,bare)
2
[
Πt‖(Λ; Λ− δΛ)− atbareΠt⊥(Λ; Λ− δΛ)
]
,
as(Λ− δΛ) = asbare +
1
F tπ,bareF
s
π,bare
[
Πs‖(Λ; Λ− δΛ)− asbareΠs⊥(Λ; Λ− δΛ)
]
, (5.18)
where Πt,s⊥,‖(Λ; Λ − δΛ) denotes the quantum correction obtained by integrating the modes
out between [Λ − δΛ,Λ]. We show the diagrams for contributions to Πµν⊥ and Πµν‖ at one-
loop level in Figs. 5.1 and 5.2. The contributions (a) in Fig. 5.1 and (a) in Fig. 5.2 are
proportional to g2L,bare. The contributions (c) in Fig. 5.1 and (d) in Fig. 5.2 are proportional
to (atbare − 1). Taking gL,bare = 0 and atbare = asbare = 1, these contributions vanish. We note
that σ (i.e., longitudinal vector meson) is massless and the chiral partner of pion at the critical
temperature. Then the contributions (b) and (c) in Fig. 5.2 have a symmetry factor 1/2
respectively and are obviously equal to the contribution (b) in Fig. 5.1, i.e., Π
(b)µν
⊥ = Π
(b)+(c)µν
‖ .
Thus from Eq. (5.18), we obtain
at(Λ− δΛ) = atbare = 1,
as(Λ− δΛ) = asbare = 1. (5.19)
This implies that at and as are not renormalized at the scale (Λ − δΛ). Similarly, we include
the corrections below the scale (Λ − δΛ) in turn, and find that at and as do not receive the
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quantum corrections. Eventually we conclude that at = as = 1 is a fixed point of the RGEs
for at and as.
From the above, we find that (gL, a
t, as) = (0, 1, 1) is a fixed point of the combined RGEs
for gL, a
t and as. Thus the VM condition is given by
gL → 0,
at → 1, as → 1 for T → Tc. (5.20)
The vector meson mass is never generated at the critical temperature since the quantum
correction to M2ρ is proportional to g
2
L. Because of gL → 0, the transverse vector meson at
the critical point, in any energy scale, decouples from the vector current correlator. The VM
condition for at and as leads to the equality between the π and σ (i.e., longitudinal vector
meson) velocities:
(Vπ/Vσ)
4 = (F sπF
t
σ/F
s
σF
t
π)
2
= at/as
T→Tc→ 1. (5.21)
This is easily understood from a point of view of the VM since the longitudinal vector meson
becomes the chiral partner of pion. We note that this condition Vσ = Vπ holds independently of
the value of the bare pion velocity which is to be determined through the Wilsonian matching.
5.2 Vector Meson Mass
In this section, we briefly review that the vector manifestation (VM) in hot matter can be
formulated following Ref. [16]. Including the intrinsic temperature dependences of the param-
eters near the critical temperature determined in the previous section, we show that the vector
meson mass vanishes at the critical temperature.
Let us study the vector meson pole mass near the critical temperature. As shown in
section 5.1, the parametric vector meson mass Mρ vanishes at the critical temperature, which
is driven by the intrinsic effects. Then, near the critical temperature we should take Mρ ≪ T
in Eq. (3.120) instead of T ≪ Mρ which was taken to reach the expression in Eq. (3.121) in
the low temperature region. Thus, by noting that
G˜2(Mρ;T )
Mρ→0→ I˜2(T ),
J˜21 (Mρ;T )
Mρ→0→ I˜2(T ),
Mρ
2F˜ 23 (Mρ;Mρ;T )
Mρ→0→ 0, (5.22)
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the pole mass of the vector meson at T . Tc becomes
mρ
2(T ) = Mρ
2 +Nf g
215− a2
12
I˜2(T )
= Mρ
2 +Nf g
215− a2
144
T 2. (5.23)
In the vicinity of a ≃ 1 the hadronic thermal effect gives a positive correction, and then the
vector meson pole mass is actually larger than the parametric massMρ. However, the intrinsic
temperature dependences of the parameters obtained in section 5.1 lead to g → 0 and Mρ → 0
for T → Tc. Then, from Eq. (5.23) we conclude that the pole mass of the vector meson mρ
also vanishes at the critical temperature:
mρ(T )→ 0 for T → Tc . (5.24)
This implies that the VM is formulated at the critical temperature in the framework of the
HLS theory, which is consistent with the picture shown in Refs. [10, 3, 82, 4].
5.3 Pion Decay Constants
In this section, we show how the two decay constants, f tπ and f
s
π, vanish at the critical tem-
perature following Ref. [15].
As we discussed around Eq. (5.14), at the critical temperature the intrinsic thermal effects
lead to (g, a) → (0, 1) which is a fixed point of the coupled RGEs. Then the RGE for Fπ
becomes
µ
dFπ
2
dµ
=
Nf
(4π)2
µ2. (5.25)
This RGE is easily solved and the relation between Fπ(Λ;Tc) and Fπ(0;Tc) is given by
F 2π (0;Tc) = F
2
π (Λ;Tc)−
Nf
2(4π)2
Λ2. (5.26)
Finally we obtain the pion decay constants as follows:
f tπF˜ = F
2
π (0;T ) + Π
t
⊥(p¯, p¯;T ),
f sπF˜ = F
2
π (0;T ) + Π
s
⊥(p¯, p¯;T ), (5.27)
where the second terms are the hadronic thermal effects. In the VM limit (g, a) → (0, 1) the
temperature dependent parts become
Π
t
⊥(p¯, p¯;T )
T→Tc→ − Nf
24
Tc
2, Π
s
⊥(p¯, p¯;T )
T→Tc→ − Nf
24
Tc
2. (5.28)
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From Eqs. (3.134), (5.27) and (5.28), the order parameter fπ becomes
f 2π(p¯;T )
T→Tc→ f 2π(p¯;Tc) = F 2π (0;Tc)−
Nf
24
T 2c . (5.29)
Since the order parameter fπ vanishes at the critical temperature, this implies
F 2π (0;T )
T→Tc→ F 2π (0;Tc) =
Nf
24
T 2c . (5.30)
Thus we obtain
(f tπ)
2 T→Tc→ 0, f tπf sπ T→Tc→ 0. (5.31)
From Eq. (3.146) or equivalently Eq. (3.141), the above results imply that the temporal and
spatial pion decay constants vanish simultaneously at the critical temperature [15]:
f tπ(Tc) = f
s
π(Tc) = 0. (5.32)
Comparing Eq. (5.29) with the expression in the low temperature region in Eq. (3.147) where
the vector meson is decoupled, we find that the coefficient of Tc
2 is different by the factor
1
2
. This is the contribution from the σ-loop (longitudinal ρ-loop). In the low temperature
region the π-loop effects give the dominant contributions to fπ(T ) and the ρ-loop effects are
negligible. However by the vector manifestation the ρ contributions become essentially equal to
the one of π, are then incorporated into fπ(T ) near the critical temperature.
5.4 Predictions of the Vector Manifestation
In this section, we summarize the predictions of the VM in hot matter studied in Refs. [14,
15, 16, 17, 18].
5.4.1 Critical temperature
In this subsection we estimate the value of the critical temperature Tc where the order param-
eter f 2π vanishes.
We first determine Tc by naively extending the expression (3.147) to the higher temperature
region to get T
(hadron)
c = 180MeV for Nf = 3. However this naive extension is inconsistent with
the chiral restoration in QCD since the axial vector and vector current correlators do not agree
with each other at that temperature. As is stressed in Ref. [14], the disagreement between two
correlators is cured by including the intrinsic thermal effect. As can be seen from Eq. (4.9),
the intrinsic temperature dependence of the parameter Fπ is determined from 〈αsπ GµνGµν〉T
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ΛQCD 0.30 0.35
Λ 0.8 0.9 1.0 1.1 0.8 0.9 1.0 1.1
Tc 0.20 0.20 0.22 0.23 0.20 0.21 0.22 0.24
ΛQCD 0.40 0.45
Λ 0.8 0.9 1.0 1.1 0.8 0.9 1.0 1.1
Tc 0.21 0.22 0.23 0.25 0.22 0.23 0.24 0.25
Table 5.1: Values of the critical temperature for several choices of ΛQCD and Λ. The units of
ΛQCD,Λ and Tc are GeV.
and 〈q¯q〉T , and gives only a small contribution compared with the main term 1+ αsπ . However
it is important that the parameters in the hadronic corrections have the intrinsic temperature
dependences as (a, g)→ (1, 0) for T → Tc, which carry the information of QCD. Actually the
inclusion of the intrinsic thermal effects provides the formula (5.29) for the pion decay constant
at the critical temperature, in which the second term has an extra factor of 1/2 compared with
the one in Eq. (3.147).
In Ref. [14] we determined the critical temperature from fπ(Tc) = 0 and estimated the
value which is dependent on the matching scale Λ: From Eq. (5.30) we obtain
Tc =
√
24
Nf
Fπ(0;Tc). (5.33)
Using Eqs.(5.4) and (5.26) we get [14]
Tc
Λ
=
√
3
Nfπ2
[
1 +
αs
π
+
2π2
3
〈αs
π
GµνG
µν〉Tc
Λ4
− Nf
4
] 1
2
. (5.34)
We would like to stress that the critical temperature is expressed in terms of the parameters
appearing in the OPE. We evaluate the critical temperature for Nf = 3. The gluonic conden-
sate at Tc is about half of the value at T = 0 [83, 4] and we use 〈αsπ GµνGµν〉Tc = 0.006GeV4.
We show the predicted values of Tc for several choices of ΛQCD and Λ in Table 5.1. Note
that the Wilsonian matching describes the experimental results very well for ΛQCD = 0.4GeV
and Λ = 1.1GeV at T = 0 [13]. At non-zero temperature, however, the matching scale Λ
may be dependent on temperature. The smallest Λ in Table 5.1 is determined by requiring
(2π2/3) 〈αs
π
GµνG
µν〉/Λ4 < 0.1.
We should note that the above values may be changed when we adopt a different way to
estimate the matrix elements of operators in the OPE side, e.g., an estimation with the dilute
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pion gas approximation [75] or that by the lattice QCD calculation [84]. Even when we choose
one way to estimate the matrix elements in the OPE, some temperature effects are supposed
to be left out due to the truncation of the OPE to neglect higher order operators, inclusion of
which will cause a small change of the above values of the critical temperature. The important
point is that as a result of the Wilsonian matching, Tc is obtained as in Eq. (5.34) in terms of
the quark and gluonic condensates, not hadronic degrees of freedom. It is expected that the
value of Tc may become smaller than that obtained in this paper by including the higher order
corrections.
5.4.2 Axial-vector and vector charge susceptibilities
In this subsection, we address the issue of what the relevant degrees of freedom can be at the
chiral transition induced by high temperature and their possible implications on observables
in heavy-ion physics. In doing this, we focus on the vector and axial-vector susceptibilities
very near the critical temperature Tc. The issue of what happens at high density is discussed
in [85].
Susceptibility is related with the fluctuation of a conserved quantity. The statistical expec-
tation value of a conserved operator O is given by
〈O〉 = Tr[Oe
−(H−µO)/T ]
Z
, (5.35)
where H denotes the Hamiltonian of system and µ is the chemical potential associated with
O and we define the partition function Z as
Z = Tr[e−(H−µO)/T ]. (5.36)
The mean square deviation of O is
(δO)2 ≡ 〈O2〉 − 〈O〉2
= T
∂〈O〉
∂µ
. (5.37)
Then we define the susceptibility of O as follows:
χ(T ) ≡ ∂〈O〉
∂µ
|µ=0
=
∫ 1/T
0
dτ
∫
d3~x〈O(τ, ~x)O(0,~0)〉. (5.38)
Consider the vector isospin susceptibility (VSUS) χV and the axial-vector isospin suscep-
tibility (ASUS) χA defined in terms of the vector charge density V
a
0 (x) and the axial-vector
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charge density Aa0(x) by the Euclidean correlators:
δabχV =
∫ 1/T
0
dτ
∫
d3~x〈V a0 (τ, ~x)V b0 (0,~0)〉β, (5.39)
δabχA =
∫ 1/T
0
dτ
∫
d3~x〈Aa0(τ, ~x)Ab0(0,~0)〉β (5.40)
where 〈 〉β denotes thermal average and
V a0 ≡ ψ¯γ0
τa
2
ψ, Aa0 ≡ ψ¯γ0γ5
τa
2
ψ (5.41)
with the quark field ψ and the τa Pauli matrix the generator of the flavor SU(2).
The axial-vector susceptibility χA(T ) and the vector susceptibility χV (T ) for non-singlet
currents #2 are given by the 00-component of the axial-vector and vector current correlators
in the static–low-momentum limit:
χA(T ) = 2Nf lim
p¯→0
lim
p0→0
[
G00A (p0, ~p;T )
]
,
χV (T ) = 2Nf lim
p¯→0
lim
p0→0
[
G00V (p0, ~p;T )
]
, (5.42)
where we have included the normalization factor of 2Nf . Using the current correlators given
in Eqs. (3.100) and (3.110) and noting that limp0→0 P
00
L = limp0→0 p¯
2/p2 = −1, we can express
χA(T ) and χV (T ) as
χA(T ) = −2Nf lim
p¯→0
lim
p0→0
[
ΠL⊥(p0, ~p;T )− Πt⊥(p0, ~p;T )
]
,
χV (T ) = −2Nf lim
p¯→0
lim
p0→0
ΠtV
(
ΠLV + 2Π
L
V ‖
)
ΠtV −ΠLV
+ΠL‖
 , (5.43)
where for simplicity of notation, we have suppressed the argument (p0, ~p;T ) in the right-hand-
side of the expression for χV (T ). In HLS theory at one-loop level, the susceptibilities read
χA(T ) = 2Nf
[
F 2π (0) + lim
p¯→0
lim
p0→0
{
Π¯t⊥(p0, ~p;T )− Π¯L⊥(p0, ~p;T )
}]
,
χV (T ) = −2Nf lim
p¯→0
lim
p0→0
(a(0)F 2π (0) + Π¯tV )
(
Π¯LV + 2Π¯
L
V ‖
)
a(0)F 2π (0) + Π¯
t
V − Π¯LV
+ΠL‖
 , (5.44)
where the parameter a(0) is defined by (see section 5.4.3)
a(0) =
Π
(vac)t
V (p0 = 0, p¯ = 0)
F 2π (0)
=
Π
(vac)s
V (p0 = 0, p¯ = 0)
F 2π (0)
. (5.45)
We show the tree and one-loop contributions to χA and χV in Figs. 5.3 and 5.4 It follows
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Figure 5.4: Diagrams for contributions to χV .
from the static–low-momentum limit of (Π¯t⊥ − Π¯L⊥) given in Eq. (G.8) that the axial-vector
susceptibility χA(T ) takes the form
χA(T ) = 2Nf
[
F 2π (0)−Nf J˜21 (0;T ) +Nfa J˜21 (Mρ;T )
−Nf a
M2ρ
{
J˜2−1(Mρ;T )− J˜2−1(0;T )
}]
. (5.46)
Near the critical temperature (T → Tc), we have Mρ → 0, a→ 1 due to the intrinsic tempera-
ture dependence in the VM in hot matter [14]. Furthermore, from Eq. (5.30), we see that the
parameter F 2π (0) approaches
Nf
24
T 2c for T → Tc. Substituting these conditions into Eq. (5.46)
and noting that
lim
Mρ→0
[
− 1
M2ρ
{
J˜2−1(Mρ;T )− J˜2−1(0;T )
}]
=
1
2
J˜21 (0;T ) =
1
24
T 2 , (5.47)
we obtain
χA(Tc) =
N2f
6
T 2c . (5.48)
To obtain the vector susceptibility near the critical temperature, we first consider a(0)F 2π (0)+
Π¯tV appearing in the numerator of the first term in the right-hand-side of Eq. (5.44). Using
#2We will confine ourselves to non-singlet (that is, isovector) susceptibilities, so we won’t specify the isospin
structure from here on.
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Eq. (G.9), we get for the static–low-momentum limit of a(0)F 2π (0) + Π¯
t
V as
lim
p¯→0
lim
p0→0
[
a(0)F 2π (0) + Π¯
t
V (p0, p¯;T )
]
= a(0)F 2π (0)−
Nf
4
[
2J˜0−1(Mρ;T )− J˜21 (Mρ;T ) + a2 J˜21 (0;T )
]
. (5.49)
From Eq. (3.158) we can see that a(0) → 1 as T → Tc since F 2σ (Mρ) → F 2π (0) and Mρ → 0.
Furthermore, F 2π (0)→ Nf24 T 2c as we have shown in Eq. (5.30). Then, the first term of Eq. (5.49)
approaches
Nf
24
T 2c . The second term, on the other hand, approaches −Nf24 T 2c as Mρ → 0 and
a→ 1 for T → Tc. Thus, we have
lim
p¯→0
lim
p0→0
[
a(0)F 2π (0) + Π¯
t
V (p0, p¯;T )
] −→
T→Tc
0 . (5.50)
This implies that only the second term ΠL‖ in the right-hand-side of Eq. (5.44) contributes to
the vector susceptibility near the critical temperature. Thus, taking Mρ → 0 and a → 1, in
Eq. (G.10), we obtain
χV (Tc) =
N2f
6
T 2c , (5.51)
which agrees with the axial-vector susceptibility in Eq. (5.48). This is a prediction, not an
input condition, of the theory. For Nf = 2, we have
χA(Tc) = χV (Tc) =
2
3
T 2c . (5.52)
The result χV (Tc) =
2
3
T 2c is consistent with the lattice result as interpreted in [3]. It is
interesting to note that the RPA result obtained in [3] in NJL model in terms of a quasi-
quark-quasi-antiquark bubble is reproduced quantitatively by the one-loop graphs in HLS
with the VM.
One might think that the VSUS diverges at Tc because of the massless ρ meson pole.
However the resultant VSUS is finite, and it will imply that the screening mass of ρ meson is
also finite.
It should be noticed that the pion pole effect does not contribute to the ASUS in Eq. (5.48)
since the pion decay constant f tπ vanishes at the critical temperature as we have shown in
section 5.3, and that the contribution to the ASUS comes from the non-pole contribution ex-
pressed in Fig. 5.3. In three diagrams, the third diagram in Fig. 5.3(c) is proportional to (1−a)
and then it vanishes at the critical temperature due to the VM. Similarly, since the transverse
ρ decouples at the critical point in the VM [21, 14], the first diagram in Fig. 5.3(a) does not
contribute. Thus, the above result for the ASUS in Eq. (5.48) comes from only the contribu-
tion generated via the (longitudinal) vector meson plus pion loop [see Fig. 5.3(b)]. Similarly,
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the vector meson pole effect to the VSUS vanishes at the critical temperature as shown in
Eq. (5.50), and the contribution to the VSUS is generated via the pion loop [Fig. 5.4(c)] and
the longitudinal vector meson loop [Fig. 5.4(b)]. #3 Since the longitudinal vector meson be-
comes massless, degenerate with the pion as the chiral partner in the VM, loop contribution to
the ASUS becomes identical to that to the VSUS. Thus, the massless vector meson predicted
by the VM fixed point plays an essential role to obtain the above equality between the ASUS
and the VSUS.
In the present analysis, our aim is to show the qualitative structure of the ASUS and
the VSUS in the VM, i.e., the equality between them is predicted by the VM. In order to
compare our qualitative results with the lattice result, we need to go beyond the one-loop
approximation. We note here that there is a result from a hard thermal loop calculation
which gives χV (Tc) ≈ 1.3T 2c [86]. However this result cannot be compared to ours for two
reasons. First we need to sum higher loops in our formalism which may be done in random
phase approximation as in [87]. Second, the perturbative QCD with a hard thermal loop
approximation may not be valid in the temperature regime we are considering. Even at
T ≫ Tc, the situation is not clear as pointed out in Ref. [88].
5.4.3 Violation of vector dominance
In this subsection, we shed some light on the validity of the vector dominance (VD) of elec-
tromagnetic form factor of the pion near the critical temperature. In several analyses such
as the one on the dilepton spectra in hot matter carried out in Ref. [6], the VD is assumed
to be held even in the high temperature region. There are several analyses resulting in the
dropping mass consistent with the VD, as shown in Refs. [89, 90]. On the other hand, the
analysis done in Ref. [91] shows that the thermal vector meson mass goes up if the VD holds.
Thus, it is interesting to study what the VM predicts on the VD. In the present analysis we
present a new prediction of the VM in hot matter on the direct photon-π-π coupling which
measures the validity of the VD of the electromagnetic form factor of the pion. We find that
the VM predicts a large violation of the VD at the critical temperature. This indicates that the
assumption of the VD may need to be weakened, at least in some amounts, for consistently
including the effect of the dropping mass of the vector meson.
In Ref. [72] it has been shown that VD is accidentally satisfied in Nf = 3 QCD at zero
temperature and zero density, and that it is largely violated in large Nf QCD when the
#3Note that the contribution from Fig. 5.4(a) vanishes since the transverse ρ decouples and that the one from
Fig. 5.4(d) also vanishes since it is proportional to (1− a).
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VM occurs. At non-zero temperature there exists the hadronic thermal correction to the
parameters. Thus it is nontrivial whether or not the VD is realized in hot matter, especially
near the critical temperature. Here we will show that the intrinsic temperature dependences of
the parameters of the HLS Lagrangian play essential roles, and then the VD is largely violated
near the critical temperature.
Let us study the validity of the VD near the critical temperature. As we have shown in
section 5.3, near the critical temperature Πt⊥ and Π
s
⊥ in Eqs. (3.164) and (3.165) approach the
following expressions:
Π
t
⊥(q¯, q¯;T )
T→Tc→ − Nf
24
T 2,
Π
s
⊥(q¯, q¯;T )
T→Tc→ − Nf
24
T 2. (5.53)
On the other hand, the functions Πt‖ and Π
s
‖ in Eq. (3.166) in the limit of Mρ/T → 0 and
a→ 1 become
Π¯t‖(0, 0;T ) = Π¯
s
‖(0, 0;T ) → −
Nf
2
I˜2(T ) = −Nf
24
T 2 . (5.54)
Furthermore, from Eq. (3.158), the parameter a(0) approaches 1 in the limit of Mρ → 0 and
F 2σ (Mρ)/F
2
π (0)→ 1:
a(0)→ 1 . (5.55)
From the above limits in Eqs. (5.53), (5.54) and (5.55), the numerators of at(q¯;T ) and as(q¯;T )
in Eqs. (3.164) and (3.165) behave as
Π
t
‖(0, 0;T )− a(0)Π
t
⊥(q¯, q¯;T )→ 0,
Π
s
‖(0, 0;T )− a(0)Π
s
⊥(q¯, q¯;T )→ 0. (5.56)
Thus we obtain
at(q¯;T ), as(q¯;T )
T→Tc→ 1 , (5.57)
namely, the vector dominance is largely violated near the critical temperature.
5.4.4 Pion velocity
In this subsection, we focus on the pion velocity at the critical temperature and study the
quantum and hadronic thermal effects based on the VM. The pion velocity is one of the
important quantities since it is a dynamical object, which controls the pion propagation in
medium through the dispersion relation.
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Non-renormalization theorem on pion velocity at Tc
As we mentioned in chapter 2, the intrinsic temperature dependence generates the effect of
Lorentz symmetry breaking at bare level. Then how does the Lorentz non-invariance at bare
level influence physical quantities? In order to make it clear, in this section we study the pion
decay constants and the pion velocity near the critical temperature.
Following subsection 3.4.2, we define the on-shell of the pion from the pole of the longi-
tudinal component GLA of the axial-vector current correlator. This pole structure is expressed
by temporal and spatial components of the two-point function Πµν⊥ . The temporal and spatial
pion decay constants are expressed as follows [15, 16]:
(f tπ(p¯;T ))
2 = Πt⊥(Vπp¯, p¯;T ),
f tπ(p¯;T )f
s
π(p¯;T ) = Π
s
⊥(Vπp¯, p¯;T ), (5.58)
where the on-shell condition p0 → Vπp¯ was taken. We divide the two-point function Πµν⊥ into
two parts, zero temperature (vacuum) and non-zero temperature parts, as Πµν⊥ = Π
(vac)µν
⊥ +Π¯
µν
⊥ .
The quantum correction is included in the vacuum part Π
(vac)µν
⊥ , and the hadronic thermal
correction is in Π¯µν⊥ . In the present perturbative analysis, we obtain the pion velocity as [16]
v2π(p¯;T ) =
f sπ(p¯;T )
f tπ(p¯;T )
= V 2π + Π˜⊥(Vπp¯, p¯) +
Π¯s⊥(Vπp¯, p¯;T )− V 2π Π¯t⊥(Vπp¯, p¯;T )
(F tπ)
2 , (5.59)
where Π˜⊥(Vπp¯, p¯) denotes a possible finite renormalization effect. Note that the renormalization
condition on Vπ is determined as Π˜⊥(Vπp¯, p¯)|p¯=0 = 0.
In the following, we study the quantum and hadronic corrections to the pion velocity for
T → Tc, on the assumption of the VM conditions (5.20). As we defined above, the two-point
function associated with the pion velocity vπ(p¯;T ) is Π
µν
⊥ (p0, p¯;T ). The diagrams contributing
to Πµν⊥ are shown in Fig. 5.1. As mentioned in subsection 5.1.2, diagram (a) is proportional
to gL and diagram (c) has the factor (a
t − 1). Then these contributions vanish at the critical
point. We consider the contribution from diagram (b) only.
Quantum correction at Tc
First we evaluate the quantum correction to the vacuum part Π
(vac)(b)µν
⊥ . This is expressed
as
Π
(vac)(b)µν
⊥ (p0, p¯) = Nf
∫
dnk
i(2π)n
Γµ(k; p)Γν(−k;−p)
[−k20 + V 2π k¯2][M2ρ − (k0 − p0)2 + V 2σ |~k − ~p|2]
,
(5.60)
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where Γµ denotes the A¯πˇσˇ vertex as
Γµ(k; p) =
i
2
√
at gµµ¯[u
µ¯uν¯ + V 2σ (g
µ¯ν¯ − uµ¯uν¯)](2k − p)ν¯ . (5.61)
We note that the spatial component of this vertex Γi has an extra-factor V 2σ as compared with
the temporal one. In the present analysis it is important to include the quadratic divergences
to obtain the RGEs in the Wilsonian sense as we have already seen in chapter 4 and 5. In this
section, when we evaluate four dimensional integral, we first integrate over k0 from −∞ to∞.
Then we carry out the integral over three-dimensional momentum ~k with three-dimensional
cutoff Λ3. In order to be consistent with ordinary regularization in four dimension [65, 64, 13],
we use the following replacement associated with quadratic divergence:
Λ3 → 1√
2
Λ4 =
1√
2
Λ, (5.62)∫
dn−1k¯
(2π)n−1
1
k¯
→ Λ
2
8π2
,
∫
dn−1k¯
(2π)n−1
k¯ik¯j
k¯3
→ −δij Λ
2
8π2
. (5.63)
When we make these replacement, the present method of integral preserves chiral symmetry.
As shown in Appendix A, Π
(vac)t
⊥ and Π
(vac)s
⊥ are independent of the external momentum.
Accordingly, the finite renormalization effect Π˜⊥ is also independent of the external momentum
and then vanishes:
Π˜⊥(Vπp¯, p¯) = 0. (5.64)
Thus in the following, we take the external momentum as zero. In that case, the temporal and
spatial components of Π
(vac)µν
⊥ are expressed as Π
(vac)t
⊥ = Π
(vac)00
⊥ and Π
(vac)s
⊥ = −(δij/3)Π(vac)ij⊥ .
Taking the VM limit (Mρ → 0 and Vσ → Vπ), these components become
lim
VM
Π
(vac)00
⊥ (p0 = p¯ = 0) =
Nf
4
∫
dk0d
n−1k¯
i(2π)n
4k20
[−k20 + V 2π k¯2]2
= −Nf
4
∫
dn−1k¯
(2π)n−1
1
Vπk¯
= −Nf
4
1
Vπ
Λ2
8π2
,
lim
VM
Π
(vac)ij
⊥ (p0 = p¯ = 0) = −
Nf
4
(V 2π )
2
∫
dk0d
n−1k¯
i(2π)n
4k¯ik¯j
[−k20 + V 2π k¯2]2
= −Nf
4
V 4π
∫
dn−1k¯
(2π)n−1
k¯ik¯j
(Vπk¯)3
=
Nf
4
Vπ δ
ij Λ
2
8π2
. (5.65)
Thus we obtain the temporal and spatial parts as
lim
VM
Π
(vac)t
⊥ (p0 = p¯ = 0) = −
Nf
4
1
Vπ
Λ2
8π2
,
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Figure 5.5: Quadratic running of (F tπ)
2 and F tπF
s
π at Tc.
lim
VM
Π
(vac)s
⊥ (p0 = p¯ = 0) = −
Nf
4
Vπ
Λ2
8π2
. (5.66)
These quadratic divergences are renormalized by (F tπ,bare)
2 and F tπ,bareF
s
π,bare, respectively. Then
RGEs for the parameters (F tπ)
2 and F tπF
s
π are expressed as
µ
d(F tπ)
2
dµ
=
Nf
(4π)2
1
Vπ
µ2, (5.67)
µ
d(F tπF
s
π)
dµ
=
Nf
(4π)2
Vπ µ
2. (5.68)
Both (F tπ)
2 and F tπF
s
π scale following the quadratic running µ
2. However, the coefficient of µ2
in the RGE for (F tπ)
2 is different from that for F tπF
s
π (see Fig. 5.5).
When we use these RGEs, the scale dependence of the parametric pion velocity is
µ
dV 2π
dµ
= µ
d(F tπF
s
π/(F
t
π)
2)
dµ
=
1
(F tπ)
4
Nf
(4π)2
[
Vπ(F
t
π)
2 − F tπF sπ
1
Vπ
]
µ2
= 0 . (5.69)
This implies that the parametric pion velocity at the critical temperature does not scale. In
other words, the Lorentz non-invariance at bare level is not enhanced through the RGEs as
long as we consider the pion velocity. As we noted below Eq. (5.61), the factor V 2σ is in the
spatial component of the vertex Γµ. If Vσ were not equal to Vπ, the coefficients of running in
the right-hand-side of Eqs. (5.67) and (5.68) would change. However, since the VM conditions
do guarantee Vσ = Vπ, the quadratic running caused from Λ
2 in (F tπ)
2 and F tπF
s
π are exactly
canceled in the second line of Eq. (5.69).
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Hadronic thermal correction at Tc
Next we study the hadronic thermal correction to the pion velocity at the critical temper-
ature. The temporal and spatial parts of the hadronic thermal correction Π¯µν⊥ contribute to
the pion velocity, which have the same structure as those of the quantum correction Π
(vac)µν
⊥ ,
except for a Bose-Einstein distribution function. Thus by the replacement of Λ2/(4π)2 with
T 2/12 in Π
(vac)t,s
⊥ , hadronic corrections to the temporal and spatial parts of Π¯
µν
⊥ are obtained
as follows:
lim
VM
Π¯t⊥(p0, p¯;T ) = −
Nf
24
1
Vπ
T 2c ,
lim
VM
Π¯s⊥(p0, p¯;T ) = −
Nf
24
Vπ T
2
c . (5.70)
Substituting Eq. (5.70) into Eq. (5.59) with Π˜⊥ = 0 as shown in Eq. (5.64), we obtain the
physical pion velocity in the VM as
v2π(p¯;T )
T→Tc→ V 2π +
Π¯s⊥(Vπp¯, p¯;Tc)− V 2π Π¯t⊥(Vπp¯, p¯;Tc)
(F tπ)
2
= V 2π . (5.71)
Since the parametric pion velocity in the VM does not scale with energy [see Eq. (5.69)], Vπ
in the above expression is equivalent to the bare pion velocity:
vπ(p¯;T ) = Vπ,bare(T ) forT → Tc. (5.72)
This implies that the pion velocity in the limit T → Tc receives neither hadronic nor quantum
corrections due to the protection by the VM.
In order to clarify the reason of this non-renormalization property, let us recall the fact that
only the diagram (b) in Fig. 5.1 contributes to the pion velocity at the critical temperature.
Away from the critical temperature, the contribution of the massive σ (i.e., the longitudinal
mode of massive vector meson) is suppressed owing to the Boltzmann factor exp[−Mρ/T ], and
then only the pion loop contributes to the pion velocity. Then there exists the O(T 4) correction
to the pion velocity [16] (see subsection 3.4.2). Near the critical temperature, on the other
hand, σ becomes massless due to the VM since σ (i.e., the longitudinal vector meson) becomes
the chiral partner of the pion. Thus the absence of the hadronic corrections in the pion velocity
at the critical temperature is due to the exact cancellation between the contribution of pion
and that of its chiral partner σ. Similarly the quantum correction generated from the pion
loop is exactly canceled by that from the σ loop.
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Non-renormalization property
Now we consider the meaning of our result (5.72). Based on the point of view that the
bare HLS theory is defined from QCD, we presented the VM conditions realizing the chiral
symmetry in QCD consistently, i.e, (gL, a
t, as) → (0, 1, 1) for T → Tc. This is the fixed point
of the RGEs for the parameters gL, a
t and as. Although both pion decay constants (F tπ)
2 and
F tπF
s
π scale following the quadratic running, (F
t
π)
2 and F tπF
s
π show a different running since
the coefficient of µ2 in Eq. (5.67) is different from that in Eq. (5.68). Nevertheless in the pion
velocity at the critical temperature, the quadratic running in (F tπ)
2 is exactly canceled by that
in F tπF
s
π [see second line of Eq. (5.69)]. There it was crucial for intricate cancellation of the
quadratic running that the velocity of σ (i.e., longitudinal vector meson) is equal to its chiral
partner, i.e., Vσ → Vπ for T → Tc. Note that this is not an extra condition but a consequence
from the VM conditions for at and as; we started simply from the VM conditions alone and
found that Vπ does not receive quantum corrections at the restoration point. As we showed
in Eq. (5.70), the hadronic correction to (F tπ)
2 is different from that to F tπF
s
π . In the pion
velocity, however, the hadronic correction from (F tπ)
2 is exactly cancelled by that from F tπF
s
π
[see second line of Eq. (5.71)]. The VM conditions guarantee these exact cancellations of the
quantum and hadronic corrections. This implies that (gL, a
t, as, Vπ) = (0, 1, 1, any) forms a
fixed line for four RGEs of gL, a
t, as and Vπ. When one point on this fixed line is selected
through the matching procedure as done in Ref. [18], namely the value of Vπ,bare is fixed, the
present result implies that the point does not move in a subspace of the parameters. This is
likely the manifestation of a new fixed point in the Lorentz non-invariant formulation of the
VM. Approaching the restoration point of chiral symmetry, the physical pion velocity itself
would flow into the fixed point.
We should distinguish the consequences within HLS/VM from those beyond HLS/VM.
Clearly the determination of the definite value of the bare pion velocity is done outside
HLS/VM. On the other hand, our main result (5.72) holds independently of the value of
the bare pion velocity itself. Applying this result to the case where one starts from the bare
HLS theory with Lorentz invariance, i.e., Vπ,bare = 1, one finds that the pion velocity at Tc
becomes the speed of light since vπ = Vπ,bare = 1, as obtained in Ref. [15].
As a consequence of the relation (5.72), we can determine the temporal and spatial pion
decay constants at the critical temperature when we take the bare pion velocity as finite.
In the following, we study these decay constants and discuss their determinations based on
Eq. (5.72). Using Eq. (5.69), we solve the RGEs (5.67) and (5.68) and obtain a relation
between two parametric pion decay constants as F tπ(0;Tc)F
s
π(0;Tc) = V
2
π (F
t
π(0;T ))
2. From
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this and (5.70), the temporal and spatial pion decay constants with the quantum and hadronic
corrections are obtained as
(f tπ)
2 =
(
F tπ(0;Tc)
)2
− Nf
24
1
Vπ
T 2c ,
f tπ f
s
π = F
t
π(0;Tc)F
s
π(0;Tc)−
Nf
24
Vπ T
2
c
= V 2π (f
t
π)
2. (5.73)
Since the order parameter (f tπf
s
π) vanishes as expected at the critical temperature, we find that
f tπf
s
π = V
2
π (f
t
π)
2 = 0 . Multiplying both side by v2π = V
2
π , the above expression is reduced to
(f sπ)
2 = V 4π (f
t
π)
2 = 0. (5.74)
Now, the spatial pion decay constant vanishes at the critical temperature, f sπ(Tc) = 0 . In the
case of a vanishing pion velocity, f tπ can be finite at the restoration point. On the other hand,
when Vπ is finite, Eq. (5.74) leads to f
t
π(Tc) = 0. Thus we find that both temporal and spatial
pion decay constants vanish simultaneously at the critical temperature when the bare pion
velocity is determined as finite.
In order to know the value of the (bare) pion velocity, we need to specify a method that
determines the bare parameters.
As we will show below, the analysis performed on the basis of a Wilsonian matching gives
the finie bare pion velocity at the critical temperature, i.e., Vπ,bare 6= 0. Thus, by combining
Eq. (5.72) with estimation of Vπ,bare, the value of the physical pion velocity vπ(T ) at the critical
temperature is obtained to be finite [18].
Estimation
Now we evaluate the physical pion velocity at the critical temperature Tc starting from the
Lorentz non-invariant bare Lagrangian. According to the non-renormalization theorem, the
bare velocity so calculated should correspond to the physical pion velocity at the chiral tran-
sition point. Now, in the VM, bare parameters are determined by matching the HLS to QCD
at the matching scale Λ and at temperature T = Tc.
We begin with a summary of the pion velocity found in the HLS/VM theory with Lorentz
invariance [15, 17, 16]. The pion velocity is given by Eq. (3.135):
v2π(p¯;T ) = 1 +
F˜ (p¯;T )
F 2π
[
Ref sπ(p¯;T )− Ref tπ(p¯;T )
]
. (5.75)
The VM dictates that if one ignores Lorentz non-invariance in the bare Lagrangian in medium,
the pion velocity approaches the speed of light as T → Tc [15, 16].
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In the following, we extend the matching condition valid at low temperature, Eq. (4.31),
to near the critical temperature, and determine the bare pion velocity at Tc. We should in
principle evaluate the matrix elements in terms of QCD variables only in order for performing
the Wilsonian matching, which is as yet unavailable from model-independent QCD calcula-
tions. Therefore, we make an estimation by extending the dilute gas approximation adopted
in the QCD sum-rule analysis in the low-temperature region to the critical temperature with
including all the light degrees of freedom expected in the VM. In the HLS/VM theory, both
the longitudinal and transverse ρ mesons become massless at the critical temperature since the
HLS gauge coupling constant g vanishes. At the critical point, the longitudinal ρ meson which
becomes the NG boson σ couples to the vector current whereas the transverse ρ mesons decou-
ple from the theory because of the vanishing g. Thus we assume that thermal fluctuations of
the system are dominated near Tc not only by the pions but also by the longitudinal ρ mesons.
In evaluating the thermal matrix elements of the non-scalar operators in the OPE, we extend
the thermal pion gas approximation employed in Ref. [75] to the longitudinal ρ mesons that
figure in our approach [18]. This is feasible since at the critical temperature, we expect the
equality Aρ4(Tc) = A
π
4 (Tc) to hold as the massless ρ meson is the chiral partner of the pion in the
VM #4. It should be noted that, although we use the dilute gas approximation, the treatment
here is already beyond the low-temperature approximation adopted in Eq. (4.22) because the
contribution from ρ meson is negligible in the low-temperature region. Since we treat the pion
as a massless particle in the present analysis, it is reasonable to take Aπ4 (T ) ≃ Aπ4 (T = 0). We
therefore use
Aρ4(T ) ≃ Aπ4 (T ) ≃ Aπ4 (T = 0) for T ≃ Tc. (5.76)
The properties of the scalar operators giving rise to the condensates are fairly well under-
stood at chiral restoration. We know that the quark condensate must be zero at the critical
temperature. Furthermore the value of the gluon condensate at the phase transition is known
from lattice calculations to be roughly half of the one in the free space [83]. We therefore can
use in what follows the following values at T = Tc:
〈q¯q〉T = 0, 〈αs
π
G2〉T ∼ 0.006GeV4 . (5.77)
Including the contributions from both pions and massless ρmesons, Eq. (4.26) can be expressed
as
G
(OPE)L(1)
A =
32
105
π4
T 6
Q8
[
A
π(u+d)
4 + A
ρ(u+d)
4
]
. (5.78)
#4We observe from Refs. [92, 93] that A
pi(u+d)
4 (µ = 2.4 GeV) ∼ Aρ(u+d)4 (µ = 2.4 GeV) even at zero tempera-
ture.
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Therefore from Eq. (4.31), we obtain the deviation δbare as
δbare = 1− V 2π,bare =
1
G0
32
105
π4
T 6
Λ6
[
A
π(u+d)
4 + A
ρ(u+d)
4
]
. (5.79)
This is the matching condition to be used for determining the value of the bare pion velocity
near the critical temperature.
To make a rough estimate of δbare, we use A
π(u+d)
4 (µ = 1 GeV) = 0.255 [75]. This value is
arrived at by following Appendix B of [75]. A
π(q)
n is defined by
〈π|q¯γµ1Dµ2 ...Dµnq(µ)|π〉 = (−i)n−1(pµ1 ...pµn − traces)Aπ(q)n (µ) , (5.80)
where
Aπ(q)n (µ) = 2
∫ 1
0
dxxn−1[q(x, µ) + (−1)nq¯(x, µ)] . (5.81)
For any charge state of the pion (π0, π+, π−), A
π(u+d)
n (n = 2, 4) can be written in terms of the
nth moment of valence quark distribution V πn (µ) and sea quark distribution S
π
n(µ) [75],
Aπ(u+d)n (µ) = 4V
π
n (µ) + 8S
π
n(µ) , (5.82)
where
V πn =
∫ 1
0
dxxn−1vπ(x, µ),
Sπn =
∫ 1
0
dxxn−1sπ(x, µ). (5.83)
Simple parameterizations of the valence distribution vπ(x, µ) and the sea distribution sπ(x, µ)
can be found in Ref. [94]– see Ref. [95] for the updated results – where the parton distri-
butions in the pions are determined through the π-N Drell-Yan and direct photon produc-
tion processes. With the leading-order parton distribution functions given in [94], we obtain
A
π(u+d)
4 = 0.255 at µ = 1 GeV [75]. For the purpose of comparison with the lattice QCD
result [92], we need to calculate the value at µ = 2.4 GeV; it comes out to be A
π(u+d)
4 = 0.18.
The value A
π(u+d)
4 = 0.18 is slightly bigger than the ∼ 0.13 calculated by the lattice QCD [92],
while it is a bit smaller than the ∼ 0.22 of Ref. [93]. Note that the value ∼ 0.18 agrees with
the one determined by lattice QCD [92] within quoted errors. Using A
π(u+d)
2 = 0.972 and
A
π(u+d)
4 = 0.255 and for the range of matching scale (Λ = 0.8 − 1.1GeV), that of QCD scale
(ΛQCD = 0.30− 0.45GeV) and critical temperature (Tc = 0.15− 0.20GeV), we get
δbare(Tc) = 0.0061− 0.29 , (5.84)
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where the Λ dependence of A
π(u+d)
2,4 is ignored as it is expected to be suppressed by more than
1/Λ6. Thus we find the bare pion velocity to be close to the speed of light:
Vπ,bare(Tc) = 0.83− 0.99 . (5.85)
Thanks to the non-renormalization theorem, i.e., vπ(Tc) = Vπ,bare(Tc), we arrive at the physical
pion velocity at chiral restoration [18]:
vπ(Tc) = 0.83− 0.99 . (5.86)
This is in contrast to the result obtained from the chiral theory [96], where the relevant
degree of freedom near Tc is only the pion. Their result is that the pion velocity becomes zero
for T → Tc. Therefore by experiment and lattice analysis, we may be able to distinguish which
theory is appropriate to describe the chiral phase transition.
5.5 Critical Behavior of Vector Meson Mass
We showed that the vector meson pole mass mρ(T ) goes to zero in the limit T → Tc and the
chiral symmetry is restored as the VM in the framework of the HLS theory. In this section,
we study how mρ(T ) falls in the limit T → Tc.
We expand the vector current correlator G
(HLS)
V at the matching scale around Tc taking the
limits g(Λ;T )≪ 1, a(Λ;T )− 1≪ 1 and Mρ(Λ;T )/Λ≪ 1. Then the quantity GA−GV in the
HLS sector is obtained as
G
(HLS)
A (Λ;T )−G(HLS)V (Λ;T )
∼ g2(Λ;T )
(
F 2π (Λ;T )
Λ2
)2
−
(
a(Λ;T )− 1
)F 2π (Λ;T )
Λ2
, (5.87)
where we neglected the higher order coefficients. The same quantity using the OPE has the
following form:
G
(OPE)
A (Λ;T )−G(OPE)V (Λ;T ) =
4π(N2c − 1)
N2c
αs〈q¯q〉2T
Λ6
. (5.88)
Here we assume that all the terms of Eq. (5.87) have same scaling behaviors near Tc. From
Eqs. (5.87) and (5.88), we obtain the scaling behavior on the gauge coupling constant as
g(Λ;T ) ∼ 〈q¯q〉T . (5.89)
As shown in section 5.2, the vector meson pole mass mρ(T ) near Tc is
m2ρ(T ) ≃ g2(T )
(
a(T )F 2π + δT
2
)
, (5.90)
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where δT 2 denotes the hadronic thermal correction and gives a positive contribution [see
Eq. (5.23)]. Thus mρ(T ) vanishes as 〈q¯q〉T :
mρ(T ) ∼ 〈q¯q〉T . (5.91)
If 〈q¯q〉2T falls as f 2π(T ) near Tc, then the ρ pole mass m2ρ(T ) vanishes as f 2π(T ). In such a case
the scaling property in the VM may be consistent with the Brown-Rho scaling mρ(T )/mρ(0) ∼
fπ(T )/fπ(0) [10].
Chapter 6
Chiral Doubling of Heavy-Light
Mesons
Based on the manifestation of chiral symmetry a` la linear sigma model, it was predicted
a decade ago [97, 98] that the mass splitting ∆M between the M(0−, 1−) and M˜(0+, 1+)
mesons whereM denotes a heavy-light meson consisting of heavy quark Q and light antiquark
q¯ should be of the size of the constituent quark mass. Recently, BaBar [34], CLEO [35] and
subsequently the Belle collaboration [36], discovered new D mesons with Q = c, c being
charm quark, which most likely have spin-party 0+ and 1+ and the mass difference to the
D(0−, 1−) is in fair agreement with the prediction of [97, 98]. In Ref. [99], it was proposed
that the splitting ofM and M˜ mesons could carry direct information on the property of chiral
symmetry at some critical density or temperature at which the symmetry is restored #1. In
this chapter, we pick up this idea and make a first step in consolidating the proposal of Ref. [99]
following Ref. [33]. In doing this, we shall take the reverse direction: Instead of starting with
a Lagrangian defined in the chiral-symmetry broken phase and then driving the system to the
chiral symmetry restoration point by an external disturbance, we will start from an assumed
structure of chiral symmetry at its restoration point and then make a prediction as to what
happens to the splitting in the broken phase. We find that the splitting is directly proportional
to the light-quark condensate and comes out to be of the size of the constituent quark mass
consistent with the prediction of Refs. [97, 98]. We shall associate this result as giving a link
between the assumed structure of the chiral restoration point and the broken phase.
Our procedure is following: We assume that the heavy-light hadrons are described by a VM-
#1In what follows, unless otherwise specified, we will refer to heavy-light mesons generically as D but the
arguments should apply better to heavier-quark mesons. Numerical estimates will however be made solely for
the (open charm) D mesons.
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fixed point theory at the chiral restoration point generically denoted Cχ (critical temperature
Tc [14] or density nc [22] or number of flavors N
c
f [21]) and by introducing the simplest form
of the VM breaking terms, we compute the mass splitting of the chiral doublers in matter-free
space in terms of the quantities that figure in the QCD correlators #2.
6.1 Heavy Quark Symmetry
Like the approximate light quark flavor symmetry (chiral symmetry) in the light quark sector
of QCD, the heavy quark symmetry is also approximate in the situation where the heavy quark
mass mQ is much larger than ΛQCD, ΛQCD/mQ ≪ 1. The heavy quark symmetry arises in the
limit of QCD where the heavy quark, charm and bottom, masses mQ are taken to be infinity.
In this limit, dynamics of the heavy quark Q is independent of its mass and spin [100]. In
this section, we give a brief review of the heavy quark symmetry and the multiplet of hadrons
containing a single heavy quark.
In the limit where the heavy quark mass goes to infinity, mQ → ∞, the four velocity of
the heavy quark vµ is fixed. The size of the meson is of order 1/ΛQCD, and then the typical
momentum scale of the light degrees of freedom is of order ΛQCD. We decompose the four
momentum of the heavy quark into
pµ = mQvµ + kµ , (6.1)
where kµ is called the residual momentum and is of order ΛQCD. The propagator of the heavy
quark is given by
−(pµγµ +mQ)
p2 −m2Q + iǫ
. (6.2)
Substituting Eq. (6.1) into the propagator, we obtain the leading form as follows:
−1
v · k + iǫ , (6.3)
where we moved the projection operator (vµγ
µ + 1)/2 taking out of the large component. We
should note that it is independent of the heavy quark mass mQ and the gamma matrices
are completely disappeared. Similarly the vertices are also independent of mQ and gamma
matrices. The heavy quark is sitting with infinite mass mQ → ∞, and thus the spin of the
heavy quark does not flip at all by the interaction of the light degrees of freedom which is of
order ΛQCD. Thus the absence of gamma matrices indicates that the spin of heavy quark is
#2Introducing vector mesons in the light-quark sector of heavy-light mesons was considered in Ref. [97] but
without the matching to QCD and hence without the VM fixed point.
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conserved. Hence if there are Nf heavy quarks with the same four velocity, the effective heavy
quark theory has a SU(2Nf ) spin-flavor symmetry [100].
Let us consider the heavy-light meson multiplet. For the hadrons containing a single heavy
quark Q, there is a SU(2) spin symmetry between Q with up-spin, Q(↑) and Q with down-spin,
Q(↓). Thus the hadrons with the spin combined ↑ and ↓ with the spin of the light degrees of
freedom slight are the spin partners each other. In general for each slight, there is a degenerate
doublet with the total spin s+ and s−:
s± = slight ± 1
2
. (6.4)
Hadron in the ground state has slight = 1/2 and negative parity and then the hadron with
JP = 0− is the spin partner of the one with JP = 1−.
6.2 An Effective Field Theory
In this section we give our reasoning that leads to the Lagrangian that defines our approach.
Here we construct the Lagrangian using the approximate chiral SU(3)L×SU(3)R symmetry in
the light-quark sector and the heavy quark symmetry in the heavy-quark sector. We will start
from the Lagrangian given at the vector manifestation (VM) fixed point. We first describe
how to construct the fixed point Lagrangian based on the VM. Then, we account for the effect
of spontaneous chiral symmetry breaking by adding a bare parameter for the mass splitting in
the heavy sector and including the deviation of the HLS parameters from the values at the VM
fixed point. The explicit form of the Lagrangian so constructed is shown in subsection 6.2.3.
6.2.1 The fixed point Lagrangian
Let us consider the VM at the point at which chiral symmetry is restored (in the chiral limit).
At the VM at its fixed point characterized by (g, a) = (0, 1), the two 1-forms become
α‖µ =
1
2i
(
∂µξR · ξ†R + ∂µξL · ξ†L
)
,
α⊥µ =
1
2i
(
∂µξR · ξ†R − ∂µξL · ξ†L
)
. (6.5)
Note that the above α‖µ and α⊥µ do not contain the HLS gauge field since the gauge coupling
g vanishes at the VM fixed point. It is convenient to define the (L,R) 1-forms:
αRµ = α‖µ + α⊥µ =
1
i
∂µξR · ξ†R ,
αLµ = α‖µ − α⊥µ = 1
i
∂µξL · ξ†L , (6.6)
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which can be regarded as belonging to the chiral representation (1, 8) and (8, 1), respectively,
transforming under chiral SU(3)L × SU(3)R as
αRµ → gRαRµg†R ,
αLµ → gLαLµg†L . (6.7)
By using these 1-forms, the HLS Lagrangian at the VM fixed point can be written as [13]
L∗light =
1
2
F 2π tr [αRµα
µ
R] +
1
2
F 2π tr [αLµα
µ
L] , (6.8)
where the ∗ affixed to the Lagrangian denotes that it is a fixed-point Lagrangian, and Fπ
denotes the bare pion decay constant. Note that the physical pion decay constant fπ vanishes
at the VM fixed point by the quadratic divergence although the bare one is non-zero [13]. It
should be stressed that the above fixed point Lagrangian is approached only as a limit of chiral
symmetry restoration [13].
Next we consider the fixed-point Lagrangian of the heavy meson sector at the chiral restora-
tion point identified with the VM fixed point. Let us introduce two heavy-meson fields HR
and HL transforming under chiral SU(3)R × SU(3)L as
HR →HR g†R , HL →HL g†L . (6.9)
By using these fields together with the light-meson 1-forms αµL,R, the fixed point Lagrangian
of the heavy mesons is expressed as #3
L∗heavy = −tr
[HRivµ∂µH¯R]− tr [HLivµ∂µH¯L]
+m0 tr
[HRH¯R +HLH¯L]
+ 2k tr
[
HRαRµγµ1 + γ5
2
H¯R +HLαLµγµ1− γ5
2
H¯L
]
, (6.10)
where vµ is the velocity of heavy meson, m0 represents the mass generated by the interaction
between heavy quark and the “pion cloud” surrounding the heavy quark, and k is a real
constant to be determined.
6.2.2 Effects of spontaneous chiral symmetry breaking
Next we consider what happens in the broken phase of chiral symmetry. In the real world at low
temperature and low density, chiral symmetry is spontaneously broken by the non-vanishing
#3We assign the right chirality to HR, and the left chirality to HL. Then the interaction term has the right
and left projection operators. Note that the insertion of (1 ± γ5) to kinetic and mass termes does not cause
any difference.
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quark condensate. In the scenario of chiral-symmetry manifestation a` la linear sigma model,
the effect of spontaneous chiral symmetry breaking is expressed by the vacuum expectation
value (VEV) of the scalar fields. In the VM, on the other hand, it is signaled by the HLS
Lagrangian departing from the VM fixed point: There the gauge coupling constant g 6= 0 #4
and we have the kinetic term of the HLS gauge bosons Lρkin = −12tr [ρµνρµν ]. The derivatives
in the HLS 1-forms become the covariant derivatives and then αLµ and αRµ are covariantized:
∂µ → Dµ = ∂µ − igρµ,
αRµ → αˆRµ = αRµ − gρµ,
αLµ → αˆLµ = αLµ − gρµ. (6.11)
These 1-forms transform as αˆR(L)µ → h αˆR(L)µh† with h ∈ [SU(3)V]local as shown in Eq. (3.6).
Although a = 1 at the VM fixed point, generally a 6= 1 in the broken phase. We therefore
expect to have a term of the form 1
2
(a − 1)F 2π tr[αˆLµαˆµR]. Thus the Lagrangian for the light
mesons takes the following form:
Llight = a+ 1
4
F 2π tr[αˆRµαˆ
µ
R + αˆLµαˆ
µ
L]
+
a− 1
2
F 2π tr[αˆRµαˆ
µ
L] + Lρkin. (6.12)
By using αˆ‖µ and αˆ⊥µ given in Eq. (3.5), this Lagrangian is rewritten as
Llight = F 2π tr[αˆ⊥µαˆµ⊥] + F 2σ tr[αˆ‖µαˆµ‖ ] + Lρkin, (6.13)
which is nothing but the general HLS Lagrangian.
We next consider the spontaneous breaking of chiral symmetry in the heavy-meson sector.
One of the most important effects of the symmetry breaking is to generate the mass split-
ting between the odd parity multiplet and the even parity multiplet [97]. This effect can be
represented by the Lagrangian of the form:
LχSB = 1
2
∆M tr
[HLH¯R +HRH¯L] , (6.14)
where HR(L) transforms under the HLS as HR(L) → HR(L) h†. Here ∆M is the bare parameter
corresponding to the mass splitting between the two multiplets. An important point of our
work is that the bare ∆M can be determined by matching the EFT with QCD as we will show
in section 6.5: The matching actually shows that ∆M is proportional to the quark condensate:
∆M ∼ 〈q¯q〉. (6.15)
#4Actually, near the chiral restoration point, the Wilsonian matching between HLS and QCD dictates [13]
that (in the chiral limit) the HLS gauge coupling be proportional to the quark condensate: g ∼ 〈q¯q〉. See
section 5.5.
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6.2.3 Lagrangian in parity eigenfields
In order to compute the mass splitting between M and M˜, it is convenient to go to the
corresponding fields in parity eigenstate, H (odd-parity) and G (even-parity) as defined, e.g.,
in Ref. [99];
HR = 1√
2
[G− iHγ5] ,
HL = 1√
2
[G+ iHγ5] . (6.16)
Here, the pseudoscalar meson P and the vector meson P ∗µ are included in the H field as
H =
1 + vµγ
µ
2
[
iγ5P + γ
µP ∗µ
]
, (6.17)
and the scalar meson Q∗ and the axial-vector meson Qµ are in G as
G =
1 + vµγ
µ
2
[Q∗ − iγµγ5Qµ] . (6.18)
In terms of the H and G fields, the heavy-meson Lagrangian off the VM fixed point is of the
form
Lheavy = Lkin + Lint , (6.19)
with
Lkin = tr
[
H (ivµD
µ −MH) H¯
]− tr [G (ivµDµ −MG) G¯] , (6.20)
Lint = k
[
tr[Hγµγ5αˆ
µ
⊥H¯]− tr[Hvµαˆµ‖H¯ ]
+ tr[Gγµγ5αˆ
µ
⊥G¯] + tr[Gvµαˆ
µ
‖ G¯]
− itr[Gαˆ⊥µγµγ5H¯] + itr[Hαˆ⊥µγµγ5G¯]
− itr[Gαˆ‖µγµH¯ ] + itr[Hαˆ‖µγµG¯]
]
, (6.21)
where the covariant derivatives acting on H¯ and G¯ are defined as
DµH¯ = (∂µ − igρµ) H¯ , DµG¯ = (∂µ − igρµ) G¯ . (6.22)
In the above expression, MH and MG denote the masses of the parity-odd multiplet H and
the parity-even multiplet G, respectively. They are related to m0 and ∆M as
MH = −m0 − 1
2
∆M ,
MG = −m0 + 1
2
∆M . (6.23)
The mass splitting between G and H is therefore given by
MG −MH = ∆M . (6.24)
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6.3 Matching to the Operator Product Expansion
The bare parameter ∆Mbare which carries information on QCD should be determined by match-
ing the EFT correltators to QCD ones. We are concerned with the pseudoscalar correlator GP
and the scalar correlator GS. In the EFT sector, the correlators at the matching scale are of
the form #5
GP (Q
2) =
F 2DM
4
D
M2D +Q
2
,
GS(Q
2) =
F 2
D˜
M4
D˜
M2
D˜
+Q2
, (6.25)
where FD (FD˜) denotes the D-meson (D˜-meson) decay constant and the space-like momentum
Q2 = (MD + ΛM)
2 with ΛM being the matching scale. We note that the heavy quark limit
MD → ∞ should be taken with ΛM kept fixed since ΛM must be smaller than the chiral
symmetry breaking scale characterized by Λχ ∼ 4πfπ. Then, Q2 should be regarded as Q2 ≃
M2D in the present framework based on the chiral and heavy quark symmetries. If we ignore
the difference between FD and FD˜ which can be justified by the QCD sum rule analysis [101],
then we get
∆SP (Q
2) ≡ GS(Q2)−GP (Q2) ≃ 3F
2
DM
3
D
M2D +Q
2
∆MD. (6.26)
In the QCD sector, the correlators GS and GP are given by the operator product expansion
(OPE) as [102]
GS(Q
2) = G(Q2)
∣∣
pert
+
m2H
m2H +Q
2
[
−mH〈q¯q〉+ αs
12π
〈GµνGµν〉
]
,
GP (Q
2) = G(Q2)
∣∣
pert
+
m2H
m2H +Q
2
[
mH〈q¯q〉+ αs
12π
〈GµνGµν〉
]
, (6.27)
where mH is the heavy-quark mass. To the accuracy we are aiming at, the OPE can be
truncated at O(1/Q2). The explicit expression for the perturbative contribution G(Q2)|pert is
available in the literature but we do not need it since it drops out in the difference. From these
correlators, the ∆SP becomes
∆SP (Q
2) = − 2m
3
H
m2H +Q
2
〈q¯q〉. (6.28)
#5Here and in the rest of this chapter, the heavy meson is denoted D with the open charm heavy meson in
mind. However the arguments (except for the numerical values) are generic for all heavy mesons M.
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Figure 6.1: Diagram contributing to the mass difference.
Equating Eq. (6.26) to Eq. (6.28) and neglecting the difference (mH −MD), we obtain the
following matching condition:
3F 2D∆M ≃ −2〈q¯q〉. (6.29)
Thus at the matching scale, the splitting is
∆Mbare ≃ −2
3
〈q¯q〉
F 2D
. (6.30)
As announced, the bare splitting is indeed proportional to the light-quark condensate. The
quantum corrections do not change the dependence on the quark condensate [see section 6.4].
6.4 Quantum Corrections and RGE
Given the bare Lagrangian whose parameters are fixed at the matching scale ΛM , the next step
is to decimate the theory a` la Wilson to the scale at which ∆M is measured. This amounts to
calculating quantum corrections to the mass difference ∆M in the framework of the present
EFT.
This calculation turns out to be surprisingly simple for a ≈ 1. If one sets a = 1 which
is the approximation we are adopting here, αL does not mix with αR in the light sector, and
then αL couples to only HL and αR to only HR. As a result HL(R) cannot connect to HR(L)
by the exchange of αL or αR. Only the ρ-loop links between the fields with different chiralities
as shown in Fig. 6.1. We have verified this approximation to be reliable since corrections to
the result with a = 1 come only at higher loop orders [see the next paragraph]. The diagram
shown in Fig. 6.1 contributes to the two-point function as
ΠLR
∣∣∣
div
= −1
2
∆M C2(Nf ) g
2
2π2
(
1− 2k − k2
)
lnΛ, (6.31)
where C2(Nf) is the second Casimir defined by (Ta)ij(Ta)jl = C2(Nf)δil with i, j and l denoting
the flavor indices of the light quarks. This divergence is renormalized by the bare contribution
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of the form ΠLR,bare =
1
2
∆Mbare. Thus the renormalization-group equation (RGE) takes the
form
µ
d∆M
dµ
= C2(Nf) g
2
2π2
(
1− 2k − k2
)
∆M. (6.32)
For an approximate estimate that we are interested in at this point, it seems reasonable to
ignore the scale dependence in g and k. Then the solution is simple:
∆M = ∆Mbare × Cquantum , (6.33)
where we define Cquantum by
Cquantum = exp
[
−C2(Nf ) g
2
2π2
(
1− 2k − k2
)
ln
Λ
µ
]
. (6.34)
This shows unequivocally that the mass splitting is dictated by the “bare” splitting ∆Mbare
proportional to 〈q¯q〉 corrected by the quantum effect Cquantum.
Next we lift the condition a = 1 made in the above analysis. For this purpose, we compute
the quantum effects to the masses of 0− (P ) and 0+ (Q∗) D-mesons by calculating the one-loop
corrections to the two-point functions of P and Q∗ denoted by ΠPP and ΠQ∗Q∗ [for the explicit
calculation, see Appendix H]. We find that amazingly, the resultant form of the quantum
correction exactly agrees with the previous one which was obtained by taking a = 1. To arrive
at this result, it is essential that P (or P ∗µ) be the chiral partner of Q
∗ (or Qµ) as follows:
The loop diagrams shown in Fig. H.1 and Fig. H.2 in Appendix H have power and logarithmic
divergences. However all the divergences of the diagrams with pion loop are exactly canceled
among themselves since the internal (or external) particles are chiral partners. In a similar
way, the exact cancellation takes place in the diagrams with σ loop. Finally, the logarithmic
divergence from the ρ loop does contribute to the mass difference. This shows that the effect
of spontaneous chiral symmetry breaking introduced as the deviation of a from 1 does not get
transferred to the heavy sector. Thus even in the case of a 6= 1, the bare mass splitting is
enhanced by only the vector meson loop, with the pions not figuring in the quantum corrections
at least at one-loop order. Solving the RGE (H.11), which is exactly same as Eq. (6.32), we
obtain exactly the same mass splitting as the one given in Eq. (6.33).
6.5 Mass Splitting
In this section we make a numerical estimation of the mass splitting for the chiral doublers in
the open charm system. (Here D denotes the open charm meson.) Since we are considering the
chiral limit, strictly speaking, a precise comparison with experiments is not feasible particularly
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if the light quark is strange, so what we obtain should be considered as semi-quantitative at
best. This caveat should be kept in mind in what follows.
Determining the bare mass splitting from the matching condition (6.30) requires the quark
condensate at that scale and the D-meson decay constant FD. For the quark condensate, we
shall use the so-called “standard value” [103] 〈q¯q〉 = −(225±25MeV)3 at 1GeV. Extrapolated
to the scale ΛM = 1.1 GeV we shall adopt here, this gives
〈q¯q〉ΛM = −(228± 25MeV)3. (6.35)
Unfortunately this value is not firmly established, there being no consensus on it. The values
found in the literature vary widely, even by a factor of ∼ 2, some higher [104] and some
lower [105]. (We will study the dependence on the values of the mass splitting of those of the
quark condensate later.) Here we take the standard value as a median #6. As for the D-meson
decay constant, we take as a typical value FD = 0.205 ± 0.020GeV obtained from the QCD
sum rule analysis [101]. Plugging the above input values into Eq. (6.30) we obtain
∆Mbare ≃ 0.19GeV . (6.36)
By taking µ = mρ = 771MeV, Λ = ΛM = 1.1GeV, g = g(mρ) = 6.27 determined via the
Wilsonian matching for (ΛM ,ΛQCD) = (1.1, 0.4)GeV in Ref. [13] and k ≃ 0.59 extracted from
the D∗ → Dπ decay [see section 6.6.1] in Eq. (6.34), we find for Nf = 3
Cquantum = 1.6 . (6.37)
This is a sizable quantum correction involving only the vector meson. If one takes into account
the uncertainties involved in the condensate and the decay constant, the quantum-corrected
splitting ∆M comes out to be
∆M ≈ 0.31± 0.12GeV . (6.38)
Despite the uncertainty involved, (6.38) is a pleasing result. It shows that the splitting is
indeed of the size of the constituent quark mass of a chiral quark Σ ∼ mp/3 ∼ 310 MeV and
is directly proportional to the quark condensate.
#6It was shown in Ref. [105] that there is a strong Nf dependence on the quark condensate and the value
of the quark condensate for QCD with three massless quarks is smaller than the value used in estimating the
value of the mass splitting in section 6.5. In the present analysis, we extract the value of the coupling constant
k from the experiment. To be consistent, we need to use the quark condensate together with other parameters
involved determined at the same scale from experimental and/or lattice data. This corresponds to the standard
value of the condensate we are using here.
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We emphasized in the above analysis that there is a great deal of uncertainty on the value
of the quark condensate at the relevant matching scale ΛM . Here we list a few examples to
show what sort of uncertainty we are faced with. We took 〈q¯q〉1GeV = −(225±25MeV)3 in the
above analysis as a “standard value.” For comparison, we shall take two other values quoted
in Ref. [104] (without making any judgments on their validity). Consider therefore
〈q¯q〉1GeV = −(225± 25MeV)3 ,
〈q¯q〉2GeV =
{
−(273± 19MeV)3 ,
−(316± 24MeV)3 . (6.39)
Brought by RGE to the scale we are working at, ΛM = 1.1 GeV, and substituted into our
formula for ∆M , we get the corresponding quantum corrected splitting
∆M =

0.31± 0.12GeV ,
0.43± 0.12GeV ,
0.67± 0.20GeV .
(6.40)
This result clearly shows that the splitting cannot be pinned down unless one has a confirmed
quark condensate.
We should stress other several caveats associated with (6.38). Apart from the sensitivity
to the quark condensate, if one naively plugs in the matching scale ΛM into the RGE solution,
one finds the splitting is not insensitive as it should be to the scale change. This is neither
surprising nor too disturbing since our RGE solution is obtained with the scale dependence in
both g and k ignored. In order to eliminate this dependence on the matching scale, it will be
necessary to solve the RGE with the full scale dependence taken into account – which is at
the moment beyond our scope here. The best we can do within the scheme adopted is to pick
the optimal ΛM determined phenomenologically from elsewhere [13] and this is what we have
done above.
6.6 Hadronic Decay Modes
In this section we turn to the hadronic decay processes of the D˜ mesons and make predictions
of our scenario based on the vector manifestation (VM) of chiral symmetry. Here we adopt
the notations Du,d and D˜u,d for the heavy ground-state mesons and heavy excited mesons
composed of cu¯ and cd¯, and Ds and D˜s for those composed of cs¯. The spin-parity quantum
numbers will be explicitly written as Du,d(0
−). For the heavy vector meson, we follow the
notation adopted by the Particle Data Group (PDG) [26] and write D∗u,d(1
−) and D∗s(1
−).
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Unless otherwise noted, the masses of the ground-state heavy mesons will be denoted as MD
and those of the excited states as MD˜.
6.6.1 D∗ → D + π
Before studying the decay processes of the excited heavy mesons, we first calculate the decay
width of D∗u,d → Du,d+π so as to determine the coupling constant k. The decay widths of the
π0 and the π± modes are given by
Γ(D∗u,d(1
−)→ Du,d(0−) + π0) = p¯
3
π
24πM2D∗
(
MQ
k
Fπ
)2
,
Γ(D∗u,d(1
−)→ Du,d(0−) + π±) = p¯
3
π
12πM2D∗
(
MQ
k
Fπ
)2
, (6.41)
where p¯π ≡ |~pπ| denotes the three-momentum of the pion in the rest frame of the decaying
particle D∗u,d(1
−), and MQ the “heavy quark mass” introduced for correctly normalizing the
heavy meson field. In the present analysis we use the following reduced mass for definiteness:
MQ ≡ 1
4
(
MD(0−) + 3MD∗(1−)
)
= 1974MeV . (6.42)
The total width is not determined for D∗u(1
−), although the branching fractions for both
the π0 and the π+ decay modes are known experimentally. For D∗d(1
−) meson, on the other
hand, the total width is also determined. Using the values listed in PDG table [26], the partial
decay widths are estimated to be
Γ(D∗d(1
−)→ Dd(0−) + π0) = 29.5± 6.8 keV ,
Γ(D∗d(1
−)→ Du(0−) + π+) = 65± 15 keV . (6.43)
Here the π0 mode will be used as an input to fix k. From the experimental masses MD∗u(1−) =
2010.1MeV, MDd(0−) = 1869.4MeV and Mπ0 = 134.9766MeV together with the value of the
pion decay constant Fπ = 92.42± 0.26MeV, we obtain
k = 0.59± 0.07 . (6.44)
Note that the error is mainly from that of the D∗d(1
−)→ Dd(0−) + π0 decay width.
In the following analysis, we shall use the central value of k to make predictions for the
decay widths of D˜ mesons. Each prediction includes at least about 25% error from the
value of k. For the masses of excited D mesons, we use MD˜s(0+) = 2317MeV determined by
BaBar [34], MD˜s(1+) = 2460MeV by CLEO [35] and (MD˜u,d(0+),MD˜u,d(1+)) = (2308, 2427)MeV
by Belle [36]. Table 6.1 summarizes the input parameters used in the present analysis.
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Du,d meson masses MD˜u,d(1+) MD˜u,d(0+) MD∗u,d(1−) MDu,d(0−)
(MeV) 2427 2308 2010 1865
Ds meson masses MD˜s(1+) MD˜s(0+) MD∗s (1−) MDs(0−)
(MeV) 2460 2317 2112 1969
Light meson masses Mπ Mρ Mη Mφ
(MeV) 138.039 771.1 547.30 1019.456
π0-η mixing A11 A21 Ππ0η (MeV)
2 Kπ0η
0.71 −0.52 −4.25× 103 −1.06× 10−2
φ-ρ mixing Γφ→π+π− (MeV) Γρ→π+π− (MeV)
3.11× 10−4 149.2
Table 6.1: The values of input parameters. We use the values of MD˜s(0+) [34], MD˜s(1+) [35] and
MD˜u,d(0+,1+) [36]. The D mesons in the ground state, light mesons and decay widths Γ(φ, ρ)
are the values listed by the PDG table [26]. As for the parameters associated with the π0-η
mixing, we use the values given in Refs. [106, 107].
6.6.2 D˜ → D + π
For the systems of cu¯ and cd¯, the following decay processes of the D˜u,d meson into the Du,d
meson and one pion are allowed by the spin and parity:
D˜u,d(0
+)→ Du,d(0−) + π D˜u,d(1+)→ D∗u,d(1−) + π. (6.45)
Their partial decay widths are given by
Γ(D˜u,d → Du,d + π±) = p¯π
4π
(
k
Fπ
MQ
MD˜
Eπ
)2
,
Γ(D˜u,d → Du,d + π0) = p¯π
8π
(
k
Fπ
MQ
MD˜
Eπ
)2
, (6.46)
where Eπ is the energy of the pion, and the reduced mass MQ is defined in Eq. (6.42). With
the input parameters given in Table 6.1, these decay widths come out to be
Γ(D˜u,d(0
+)→ Du,d(0−) + π0) = 74± 18MeV ,
Γ(D˜u,d(0
+)→ Du,d(0−) + π±) = 147± 37MeV ,
Γ(D˜u,d(1
+)→ D∗u,d(1−) + π0) = 57± 14MeV ,
Γ(D˜u,d(1
+)→ D∗u,d(1−) + π±) = 114± 29MeV , (6.47)
Here we have put the 25% error from the value of k, which we expect the dominant one.
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For the system of cs¯ there are two decay processes of the D˜s meson into the Ds meson and
one pion:
D˜s(0
+)→ Ds(0−) + π0 D˜s(1+)→ D∗s(1−) + π0. (6.48)
These processes violate the isospin invariance, and hence are suppressed. In the present analysis
we assume as in Ref. [108] that the isospin violation occurs dominantly through the π0-η mixing.
In other words, we assume that the D˜s meson decays into theDs meson and the virtual η meson
which mixes with the π0 through the π0-η mixing. Then, the decay width is given by
Γ(D˜s → Ds + π0) = p¯π
2π
(
k
Fπ
MQ
MD˜
Eπ∆π0η
)2
, (6.49)
where ∆π0η denotes the π
0-η mixing and takes the following form [106, 107]:
∆π0η = − A11A21
M2η −M2π0
(Ππ0η −Kπ0ηM2π0) (6.50)
with Ππ0η and Kπ0η being the mass-type and kinetic-type π
0-η mixing, respectively. A11 and
A21 are the components of the η-η
′ mixing matrix in the two-mixing-angle scheme [106]. By
using the values listed in Table 6.1, the π0-η mixing is estimated as
∆π0η = −5.3× 10−3. (6.51)
From this value, the predicted decay widths are estimated as
Γ(D˜s(0
+)→ Ds(0−) + π0) ∼ 4 keV ,
Γ(D˜s(1
+)→ D∗s(1−) + π0) ∼ 4 keV . (6.52)
6.6.3 D˜(1+)→ D˜(0+) + π
With the masses of D˜u,d(1
+) and D˜u,d(0
+) listed in Table 6.1, the intra-multiplet decay
D˜u,d(1
+) → D˜u,d(0+) + π is not allowed kinematically. Since the experimental errors for
the masses are large #7, this decay mode may still turn out to be possible. To show how large
the possible decay width is, we use MD˜u,d(0+) = 2272MeV and MD˜u,d(1+) = 2464MeV together
with the formulas
Γ(D˜u,d(1
+)→ D˜u,d(0+) + π0) = p¯
3
π
24π
(
MQ
MD˜(1+)
k
Fπ
)2
,
Γ(D˜u,d(1
+)→ D˜u,d(0+) + π+) = p¯
3
π
12π
(
MQ
MD˜(1+)
k
Fπ
)2
. (6.53)
#7The Belle collaboration [109, 110, 111] gives MD˜u,d(1+) = 2427 ± 26 ± 20 ± 17MeV and MD˜u,d(0+) =
2308± 17± 15± 28MeV.
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The resultant decay widths are given by
Γ(D˜u,d(1
+)→ D˜u,d(0+) + π0) = 0.7± 0.2MeV ,
Γ(D˜u,d(1
+)→ D˜u,d(0+) + π+) = 1.5± 0.4MeV , (6.54)
where we put 25% error coming from the value of k. We expect that this is the main source
of the entire error. They are smaller by the order of 10−2 than other one-pion modes [see
Table 6.2]. This is caused by the suppression from the phase space.
With the present input values of D˜ masses, the process D˜s(1
+)→ D˜s(0+) + π0 is kinemat-
ically allowed. Similarly to the D˜s → Ds + π0 decay, we assume that this decay is dominated
by the process through the π0-η mixing. Then, the decay width is estimated as
Γ(D˜s(1
+)→ D˜s(0+) + π0) = p¯
3
π
6π
(
k
Fπ
MQ
MD˜(1+)
∆π0η
)2
∼ 2× 10−3 keV. (6.55)
This is very tiny due to the isospin violation and the phase-space suppression.
6.6.4 D˜ → D + 2π
There are several processes such as D˜ → D+π±π∓ to which the light scalar mesons could give
important contributions. In models based on the standard scenario of the chiral symmetry
restoration in the light quark sector, the scalar-meson coupling to the heavy-quark system is
related to the pion coupling, enabling one to compute the decay width. In our model based on
the VM of the chiral symmetry restoration, on the other hand, it is the coupling constant of the
vector meson to the heavy system that is related to the pion coupling constant: Here coupling
of the scalar meson is not directly connected, at least in the present framework which contains
no explicit scalar fields #8, to do that of the pion. So, while we cannot make firm predictions
to processes for which scalar mesons might contribute, we can make definite predictions on
certain decay widths for which scalar mesons do not figure. If one ignores isospin violation,
the two-pion decay processes D˜u,d → Du,d+π±π0 receive no contributions from scalar mesons.
We give predictions for these processes below. As for the two-pion decay modes of the D˜s
meson, the scalar mesons could give a contribution. To have an idea, we shall also compute
the vector-meson contribution to this process.
#8Scalar excitations can of course be generated at high loop level to assure unitarity or with the account of
QCD trace anomaly but we shall not attempt this extension in this paper.
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First, consider D˜u,d(0
+)→ D∗u,d(1−) + π±π0. In this process, there are two contributions:
D˜u,d(0
+) → D∗u,d(1−) + π±π0 (direct)
D∗u,d(1
−) + (ρ± → π±π0) (ρ-mediation) . (6.56)
The decay width is given by
Γ(D˜u,d(0
+)→ D∗u,d(1−) + π±π0)
=
M2Q
64(2π)3M3
D˜
k2
F 4π
∫
dm2Dπ
∫
dm2ππ|FD˜D|2
×
[
m2ππ − 4M2π +
1
4M2D
(m2ππ −M2D˜ −M2D − 2M2π + 2m2Dπ)2
]
, (6.57)
with m2Dπ = (pD + pπ)
2 and m2ππ = (p1π + p2π)
2. The form factor FD˜D is taken to be of the
form
FD˜D = 1 +
M2ρ
m2ππ −M2ρ
. (6.58)
The first term of the form factor comes from the direct contribution and the second from
the ρ-mediation. Here we have neglected the ρ meson width in the propagator, since the
maximum value of mππ is about 300MeV with the input values listed in Table 6.1. We can see
that the form factor FD˜D vanishes in the limit of mππ → 0, which is a consequence of chiral
symmetry #9. We note that mππ|max ≃ 300MeV makes this decay width strongly suppressed
due to the large cancellation between the direct and ρ-mediated contributions. Furthermore,
since 300MeV is close to the two-pion threshold, additional suppression comes from the phase
space. Due to these two types of suppressions the predicted decay width is predicted to be
very small, of the order of 10−2 keV. #10
Next we consider the process D˜u,d(1
+)→ D∗u,d(1−)+ππ. Again there are two contributions,
direct and a ρ-mediated:
D˜u,d(1
+) → D∗u,d(1−) + π±π0 (direct)
D∗u,d(1
−) + (ρ± → π±π0) (ρ-mediation) (6.59)
#9It should be stressed that this cancellation occurs because the vector meson is included consistently with
chiral symmetry, and that it is not a specific feature of the VM. The chiral symmetry restoration based on the
VM implies that the coupling constant of the vector meson to the heavy system is equal to that of the pion.
#10Note that the prediction on the decay width is very sensitive to the precise value of the mass of D˜(0+)
meson.
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The resultant decay width is given by
Γ(D˜u,d(1
+)→ D∗u,d(1−) + π±π0)
=
M2Q
96(2π)3M3
D˜
k2
F 4π
∫
dm2Dπ
∫
dm2ππ|FD˜D|2
×
[
m2ππ − 4M2π +
1
4M2
D˜
(m2ππ −M2D˜ −M2D − 2M2π + 2m2Dπ)2
]
. (6.60)
Similarly to Γ(D˜u,d(0
+) → D∗u,d(1−) + π±π0), the width is again suppressed due to the large
cancellation between the direct and ρ-mediated contributions. The suppression from the phase
space, on the other hand, is not so large since mππ|max ≃ 420MeV is not so close to the two-pion
threshold. The resulting decay width is
Γ(D˜u,d(1
+)→ D∗u,d(1−) + π±π0) = 12± 3 keV , (6.61)
where the error comes from the value of k.
The decay width of the process
D˜u,d(1
+) → Du,d(0−) + π±π0 (direct)
Du,d(0
−) + (ρ± → π±π0) (ρ-mediation) (6.62)
is given by
Γ(D˜u,d(1
+)→ Du,d(0−) + π±π0)
=
M2Q
192(2π)3M3
D˜
k2
F 4π
∫
dm2Dπ
∫
dm2ππ|FD˜D|2
×
[
m2ππ − 4M2π +
1
4M2
D˜
(m2ππ −M2D˜ −M2D − 2M2π + 2m2Dπ)2
]
. (6.63)
In the present case, mππ|max ≃ 560MeV is much larger than the two-pion threshold and hence
the width becomes larger than other two-pion processes. We find
Γ(D˜u,d(1
+)→ Du,d(0−) + π±π0) = 310± 80 keV, (6.64)
where the error comes from the value of k.
Finally we turn to the decay D˜s(1
+) → Ds(0−) + π+π− which as mentioned could receive
direct contributions from scalar excitations. Since we have not incorporated scalar degrees of
freedom in the theory, we might not be able to make a reliable estimate even if were to go to
higher-loop orders. Just to have an idea as to how important the vector meson contribution
can be, we calculate the decay width in which the D˜s meson decays into two pions through
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the φ meson. This isospin violating decay can occur through the direct φ-π-π coupling and
the φ-ρ mixing:
D˜s(1
+) → Ds(0−) + (φ→ π+π−) (direct)
Ds(0
−) + (φ→ ρ0 → π+π−) (φ-ρ mixing) (6.65)
Since the main contribution to the φ→ ππ is expected to be given by the φ-ρ mixing, we shall
neglect the direct φ-π-π-coupling contribution in the following. Then the decay width is given
by
Γ(D˜s(1
+)→ Ds(0−) + π+π−)
=
M2Q
192(2π)3M3
D˜
k2
F 4π
∫
dm2Dπ
∫
dm2ππ
[
M2ρΠφρ
(m2ππ −M2φ)(m2ππ −M2ρ )
]2
×
[
m2ππ − 4M2π +
1
4M2
D˜
(m2ππ −M2D˜ −M2D − 2M2π + 2m2Dπ)2
]
, (6.66)
where Πφρ denotes the φ-ρ mixing given by
Π2φρ = (M
2
φ −M2ρ )2
(
p¯π(ρ)
p¯π(φ)
)3M2φ
M2ρ
Γ(φ→ π+π−)
Γ(ρ→ π+π−) , (6.67)
with p¯π(X) being the three-momentum of pion in the rest frame of the decaying particle
X = φ, ρ. Using the values listed in Table 6.1, we have
Πφρ = 530 (MeV)
2 (6.68)
so the decay width is predicted to be
Γ(D˜s(1
+)→ Ds(0−) + π+π−) ∼ 2× 10−4 keV . (6.69)
The φ-ρ mixing is caused by the isospin violation, and this process is highly suppressed. We
conclude that should a measured width come out to be substantially greater than what we
found here, it would mean that either scalars must figure importantly or the VM is invalid in
its present form.
6.6.5 Summary of hadronic decay modes
Our predictions of the decay widths are summarized in Table 6.2. It should be stressed that
the values obtained in this paper on the one-pion reflect only that the D˜ meson is the chiral
partner of the D meson. They are not specific to the VM. We therefore expect that as
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Decaying particle Process Width (MeV)
D˜u,d 0
+ → 0− + π0 (7.4± 1.8)× 101
0+ → 0− + π± (1.5± 0.4)× 102
0+ → 1− + π±π0 ∼ 2× 10−5
1+ → 1− + π0 (5.7± 1.4)× 101
1+ → 1− + π± (1.1± 0.3)× 102
1+ → 0− + π±π0 (3.1± 0.8)× 10−1
1+ → 1− + π±π0 (1.2± 0.3)× 10−2
D˜s 0
+ → 0− + π0 ∼ 4× 10−3
1+ → 0+ + π0 ∼ 2× 10−6
1+ → 1− + π0 ∼ 4× 10−3
1+ → 0− + π+π− (throughφ→ ρ0 → π+π−) ∼ 2× 10−7
Table 6.2: The predicted values of the hadronic decay processes. 25% error comes from the
value of k. “∼” implies that the precise value also depends on parameters other than k, and
we can give only the order estimation.
far as the one-pion processes are concerned, there will be no essential differences between our
predictions and those in Ref. [108]. However, in the two-pion decay processes in which the scalar
meson does not mediate, our scenario based on the VM can make definite predictions which
might be distinguished from that based on the standard picture. Especially for D˜u,d(1
+) →
Du,d(0
−) + π±π0, we obtain a larger width than for other two-pion modes. Although the
predicted width is still small – perhaps too small to be detected experimentally, it is important
because of the following reason. In our approach, since the excited heavy meson multiplets of
D˜(0+) and D˜(1+) denoted by G are the chiral partners to the ground-state multiplets denote
by H , the G-H¯-π coupling is the same as the H-H¯-π coupling [see the fifth and first terms of
Eq. (6.21)]. Thus the width which is dependent on the strength of k is a good probe to test
our scenario. The common k is also essential for the ratio of the widths of the two-pion modes
to those of the one-pion modes, which has no k dependence. These are therefore are definite
predictions of our scenario. From the values listed in Table 6.2, we obtain
Γ(D˜u,d(1
+)→ Du,d(0−) + π±π0)
Γ
(had)
π+2π
≃ 2× 10−3, (6.70)
where Γ
(had)
π+2π is the sum of the widths of the one-pion and two-pion modes of the decaying
D˜u,d(1
+).
Chapter 7
Summary and Discussions
In this thesis, we first showed the details of the hidden local symmetry (HLS) theory at finite
temperature. Then in order to determine the parameters of the theory, we presented the
extension of the Wilsonian matching at zero temperature to the version in hot matter. Next
we showed the formulation of the vector manifestation (VM) in hot matter using the HLS
theory. Based on the VM, we gave several predictions which are testable by experiments and
lattice analysis. In the following, we summarize them and give discussions.
HLS theory at finite temperature
In chapter 3, we applied the HLS theory developed in Ref. [13] to QCD at finite temperature.
Both pions and vector mesons are introduced as the relevant degrees of freedom into the theory,
and thus the HLS theory has a wider range of the validity than the ordinary chiral perturbation
theory (ChPT) including only pions. Especially we can see it in studying the pion decay
constants which was carried out in section 3.4: Two kinds of pion decay constants, temporal
and spatial components (f tπ and f
s
π), appear due to the lack of Lorentz invariance in medium
and in general they do not agree with each other. The splitting between f tπ and f
s
π appears at
one-loop level in the HLS theory, which is generated by the thermal loop contribution of the
vector meson. [The non-zero splitting also implies that the pion velocity is not equal to the
speed of light.] On the other hand, the splitting of the pion decay constant is not generated
at one-loop level in the ordinary ChPT.
Further by using the Wilsonian matching studied in chapter 4, the intrinsic temperature
dependences of the bare parameters are included. We in fact determined the intrinsic thermal
effects to the bare pion decay constants by performing the matching to the operator product
expansion (OPE) in section 4.2.
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Formulation of the VM in hot matter
In chapter 5, we first presented the formulation of the VM in hot matter using the HLS theory
combined with the Wilsonian matching. Throughout this thesis, we assume that the chiral
phase transition is of second or weakly first order so that the axial-vector and vector current
correlators agree with each other at the critical temperature. Thus the Wilsonian matching
leads to the following conditions on the parameters of the bare HLS Lagrangian:
gbare(T )
T→Tc→ 0 ( or Mρ,bare(T ) T→Tc→ 0) ,
abare(T ) = (Fσ,bare(T )/Fπ,bare(T ))
2 T→Tc→ 1 . (7.1)
We should stress the following features: (i) The above conditions for the bare parameters are
realized by the intrinsic thermal effect only. (ii) (g, a) = (0, 1) is a fixed point of RGEs. The
agreement of both current correlators is satisfied only in the case that we take into account
the intrinsic thermal effects as well as the hadronic ones.
Vector meson mass : Near Tc, the vector meson mass has a positive thermal contribution,
which is proportional to the square of the HLS gauge coupling g, as studied in section 5.2.
When we take the limit T → Tc, both the parametric mass Mρ and hadronic thermal
correction go to zero following Eq. (7.1). Thus we showed that the vector meson mass
vanishes:
m2ρ(T )
T.Tc→ g2(T )
[
a(T )F 2π (µ = 0;T ) + δT
2
]
T→Tc→ 0 ,
where δT 2 denotes the thermal contribution and Fπ(µ = 0;T ) is the on-shell parametric
pion decay constant obtained in Eq. (5.30) to be non-zero.
Order parameter : If we write explicitly the quantum and hadronic thermal corrections to
the parameter Fπ, the pion decay constant at Tc takes the following form as studied in
section 5.3:
f 2π(T )
T→Tc→ F 2π (Λ;Tc)−
Nf
2(4π)2
Λ2 − Nf
24
T 2c = 0 .
This implies that the order parameter goes to zero by the cancellation among the non-
zero bare pion decay constant, the quantum correction and the leading contribution of
matter effect to F 2π . Here we should note that both the above quantum and hadronic
contributions include the contribution of the massless vector meson in the same footing
as the pion.
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The conditions for the bare parameters (7.1), which we call “the VM conditions in hot matter”,
are essential for the VM to take place in hot matter. Further even when we take into account
the Lorentz non-invariance in the bare HLS theory, we obtained the similar conditions to
Eq. (7.1) and showed that the conditions are still non-renormalized: There are no quantum
corrections to the conditions. In section 5.5 we studied the critical behavior of mρ and showed
that mρ(T ) falls as the quark condensate in the limit T → Tc:
mρ(T ) ∼ 〈q¯q〉T .
At present, there are no clear lattice data for the ρ pole mass in hot matter. Our result
here will be checked by lattice analyses in future. [112]
Predictions
In section 5.4, we gave the following predictions of the VM in hot matter:
• Critical temperature : From the order parameter fπ including the intrinsic thermal ef-
fect as well as the hadronic correction, we obtained Tc = 200 - 250 MeV for several choices
of the matching scale (Λ = 0.8 - 1.1GeV) and the scale of QCD (ΛQCD = 0.30 -0.45GeV).
• Axial-vector and vector charge susceptibilities (ASUS and VSUS): The masslss
vector meson becomes a relevant degree of freedom near Tc and it contributes to the
VSUS. The equality between ASUS and VSUS is predicted by the VM.
• Violation of vector dominance : We showed that the vector dominance (VD) of
the electromagnetic form factor of the pion is largely violated near Tc. This indicates
that the assumption of the VD may need to be weakened, at least in some amounts, for
consistently including the effect of the dropping mass of the vector meson.
• Pion velocity : We first showed that the pion velocity at Tc never receive any quantum
and hadronic thermal corrections protected by the VM. Using the non-renormalization
property, we next performed the Wilsonian matching to the OPE and then obtained that
the pion velocity is close to the speed of light.
This is in contrast to the result obtained from the chiral theory [96], where the relevant
degree of freedom near Tc is only the pion. Their result is that the pion velocity becomes
zero for T → Tc. Therefore by experiment and lattice analysis, we may be able to
distinguish which theory is appropriate to describe the chiral phase transition.
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We note that the above estimated values may be changed by including higher order effects.
On the other hand, it is expected that the VM is governed by the fixed point and not changed
by such higher order effects.
Remnant of the VM in the real world
In chapter 6, we studied the heavy meson system which consists of one heavy quark and one
light anti-quark, which was motivated by the recent discovery of new D mesons (JP = 0+ and
1+) in Babar, CLEO and Belle [34, 35, 36]. We showed that the mass splitting between new
D mesons (denoted by D˜ in the text) and the existing D mesons (JP = 0− and 1−) is directly
proportional to the light quark condensate. The estimated value was in good agreement with
the experiments. We also gave the predictions on the decay widths and the branching ratios
for the characteristic processes. In the two-pion decay processes in which the scalar meson
does not mediate, our scenario gives definite predictions, since the vector meson coupling to
the heavy system is equivalent to the pion coupling due to the VM. Although the predicted
values of widths are small, we hope that they are clarified in future experiment.
One of the significant results of the analysis, is that the vector meson plays an important
role in accounting for the splitting in the D and D˜ mesons: The bare mass splitting determined
through the matching is estimated as about 190 MeV, too small to explain the observed mass
difference. However by including the quantum corrections through the hadronic loop, the
bare mass splitting is enhanced by ∼ 60%, where only the loop effect of the vector meson
contributes to the running of the mass splitting. The contributions from the pion loop are
completely canceled among themselves. This implies that the observed mass difference can
not be understood if one takes only the pion as the relevant degree of freedom and that we
need other degrees of freedom. In the VM, it is nothing but the vector meson. The situation
here is much like in the calculation of pion velocity at the chiral restoration point: The pion
velocity is zero if the pion is the only effective degree of freedom but approaches 1 if the vector
meson with the VM is included [15, 18].
In the construction of the EFT, we assumed the VM as the chiral symmetry restoration
of QCD in the light sector, and then we introduced the effects of the spontaneous chiral
symmetry breaking by putting the mass term as soft breaking term. In the analysis, we
assumed that the coefficients of the interaction such as DDπ and DDρ denoted by k are
universal, which are the remnant of the VM. Strictly speaking, each interaction term may
have its own coefficient different from others. However, we expect that the effect of these
interaction terms is suppressed by the factor 1/Λ and as a result the contribution to ∆M is
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small since the dimension of them is higher than that of the mass term.
Furthermore, the result is independent of the deviation of a from the fixed point value 1,
at least at one-loop level. This implies that the deviation of a from 1 which reflects the effect
of spontaneous chiral symmetry breaking in the light quark sector does not get transmitted
to the heavy sector. This strongly suggests that the deviation from a = 1 involves physics
that is not as primary as the non-vanishing gauge coupling g 6= 0 in the description of the
broken phase: The deviation seems to be a “secondary” phenomenon, which is generated from
g 6= 0 as expected in Refs. [62]. [Although a = 1 is the fixed point of the RGE at one-loop
level, the deviation of a from 1 is generated by the finite renormalization part once we allow
the deviation of the gauge coupling g from 0 (see Appendix C).] In fact, even when we start
from the bare HLS theory with g 6= 0 and a = 1, the physical quantities obtained through
the Wilsonian matching are in good agreement with experimental results as discussed in [13].
This observation supports the above argument.
The consistency of the physics taking abare = 1 and the universal coupling k with the one in
the real world remarkably indicates that the VM is realized as the chiral symmetry restoration
in QCD.
Several comments are in order:
Although we concentrated on the hot matter calculation in this thesis, the present approach
can be applied to the general hot and/or dense matter calculation. As mentioned in chapter 1,
the vector meson is one of the most important degrees of freedom in hot and/or dense matter
since it will be lighter in medium than in the vacuum due to the (partial) chiral symmetry
restoration. The HLS theory is an efficient implement to study hadron properties in hot and/or
dense matter as well as the chiral phase transition.
One might think that the VM is same as the Georgi’s vector realization [62], in which the
order parameter fπ is non-zero although the chiral symmetry is unbroken. However in the VM
the order parameter certainly becomes zero and the chiral symmetry is restored accompanied
by massless vector meson. Therefore the VM is consistent with the Ward-Takahashi identity
since it is the Wigner realization [113].
As shown in Ref. [21], in the VM only the longitudinal ρ couples to the vector current near
the critical point, and the transverse ρ is decoupled from it. The A1 in the VM is resolved
and/or decoupled from the axial-vector current near Tc since there is no contribution in the
vector current correlator to be matched with the axial-vector correlator. We expect that the
scalar meson is also resolved and/or decoupled near Tc since it in the VM is in the same
representation as the A1 is in. We also expect that excited mesons are also resolved and/or
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decoupled.
The VSUS was obtained to be finite, which will imply that the screening mass of the vector
meson is also finite at Tc.
In this thesis, we performed our analysis at the chiral limit. We need to include the explicit
chiral symmetry breaking effect from the current quark masses when we apply the present
analysis to the real QCD. In such a case, we need the Wilsonian matching conditions with
including non-zero quark mass which have not yet been established. Here we expect that the
qualitative structure obtained in the present analysis will not be changed by the inclusion of
the current quark masses.
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Appendix A
Polarization Tensors at Finite
Temperature
At non-zero temperature there exist four independent polarization tensors, uµuν , (gµν−uµuν),
P µνL and P
µν
T . The rest frame of medium is shown by u
µ = (1,~0). P µνL and P
µν
T are given
by [67]
PTµν = gµi
(
δij − ~pi ~pj
p¯2
)
gjν ,
PLµν = −
(
gµν − pµpν
p2
)
− PTµν , (A.1)
where we define pµ = (p0 , ~p) and p¯ = |~p|. They have the following properties:
P µLµ = −1, P µTµ = −2,
PLµαP
αν
L = −PLµν , PTµαP ανT = −PTµν ,
PLµαP
αν
T = 0. (A.2)
Let us decompose a tensor Πµν(p0, p¯) into
Πµν = uµuνΠt + (gµν − uµuν)Πs + P µνL ΠL + P µνT ΠT . (A.3)
Each component is obtained as
Πt = Π00 +
~pi
p0
Πi0,
Πs = −~pi
p¯
Πij
~pj
p¯
− p0~pi
p¯2
Πi0,
ΠL −Πs = ~pi
p¯
Πij
~pj
p¯
+
~pi
p0
Πi0,
ΠT −Πs = 1
2
PTµνΠ
µν . (A.4)
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Appendix B
Loop Integrals at Finite Temperature
In this appendix we list the explicit forms of the functions appearing in the hadronic thermal
corrections, A0, B0 and B
µν
[see Eqs. (3.68)–(3.73) for definitions] in various limits relevant
to the present analysis.
The functions A0, which are independent of external momentum pµ, is given by
A0(Mρ;T ) = J˜
2
1 (Mρ;T ) , (B.1)
A0(0;T ) = I˜2(T ) , (B.2)
where J˜21 and I˜2 are defined in Eqs. (D.1) and (D.2).
We list the relevant limits of the functions B0(p0, p¯;Mρ, 0;T ) and B
µν
(p0, p¯;Mρ, 0;T ) which
appear in the two-point function of Aµ. When the pion momentum is taken as its on-shell,
the function B0 becomes
B0(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
=
∫
d3k
(2π)3
[−1
2ωρ
1
eωρ/T − 1
{
1
(ωρ − p¯)2 − (ωpπ)2 − 2iǫ(ωρ − p¯) +
1
(ωρ + p¯)2 − (ωpπ)2 + 2iǫ(ωρ + p¯)
}
+
−1
2ωpπ
1
eω
p
pi/T − 1
{
1
(ωpπ − p¯)2 − ω2ρ − 2iǫ(ωpπ − p¯)
+
1
(ωpπ + p¯)2 − ω2ρ + 2iǫ(ωpπ + p¯)
}]
,
(B.3)
where we put ǫ → +0 to make the analytic continuation of the frequency p0 = i2πnT to the
Minkowski variable, and we defined
ωρ =
√
|~k|2 +M2ρ , ωpπ = |~k − ~p| . (B.4)
Two components B
t
and B
s
of B
µν
in the same limit are given by
B
t
(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
109
APPENDIX B. LOOP INTEGRALS AT FINITE TEMPERATURE 110
=
∫
d3k
(2π)3
[−1
2ωρ
1
eωρ/T − 1
{
(2ωρ − p¯)2
(ωρ − p¯)2 − (ωpπ)2 − 2iǫ(ωρ − p¯) +
(2ωρ + p¯)
2
(ωρ + p¯)2 − (ωpπ)2 + 2iǫ(ωρ + p¯)
− ~p · (2
~k − ~p)
p¯
(
2ωρ − p¯
(ωρ − p¯)2 − (ωpπ)2 − 2iǫ(ωρ − p¯) −
2ωρ + p¯
(ωρ + p¯)2 − (ωpπ)2 + 2iǫ(ωρ + p¯)
)}
+
−1
2ωpπ
1
eω
p
pi/T − 1
{
(2ωpπ − p¯)2
(ωpπ − p¯)2 − ω2ρ − 2iǫ(ωpπ − p¯)
+
(2ωpπ + p¯)
2
(ωpπ + p¯)2 − ω2ρ + 2iǫ(ωpπ + p¯)
+
~p · (2~k − ~p)
p¯
(
2ωpπ − p¯
(ωpπ − p¯)2 − ω2ρ − 2iǫ(ωpπ − p¯)
− 2ω
p
π + p¯
(ωpπ + p¯)2 − ω2ρ + 2iǫ(ωpπ + p¯)
)}]
,
(B.5)
B
s
(p0 = p¯+ iǫ, p¯;Mρ, 0;T )
=
∫
d3k
(2π)3
[
1
2ωρ
1
eωρ/T − 1
×
{
(2~k · ~p− p¯2)2
p¯2
(
1
(ωρ − p¯)2 − (ωpπ)2 − 2iǫ(ωρ − p¯) +
1
(ωρ + p¯)2 − (ωpπ)2 + 2iǫ(ωρ + p¯)
)
− ~p · (2
~k − ~p)
p¯
(
2ωρ − p¯
(ωρ − p¯)2 − (ωpπ)2 − 2iǫ(ωρ − p¯) −
2ωρ + p¯
(ωρ + p¯)2 − (ωpπ)2 + 2iǫ(ωρ + p¯)
)}
+
1
2ωpπ
1
eω
p
pi/T − 1
×
{
(2~k · ~p− p¯2)2
p¯2
(
1
(ωpπ − p¯)2 − ω2ρ − 2iǫ(ωpπ − p¯)
+
1
(ωpπ + p¯)2 − ω2ρ + 2iǫ(ωpπ + p¯)
)
+
~p · (2~k − ~p)
p¯
(
2ωpπ − p¯
(ωpπ − p¯)2 − ω2ρ − 2iǫ(ωpπ − p¯)
− 2ω
p
π + p¯
(ωpπ + p¯)2 − ω2ρ + 2iǫ(ωpπ + p¯)
)}]
.
(B.6)
We further take the Mρ → 0 limits of the above expressions. The limit of B0(p0 = p¯ +
iǫ, p¯;Mρ, 0;T ) includes the infrared logarithmic divergence lnM
2
ρ . However, it appears multi-
plied byM2ρ in Π
t
⊥ and Π
s
⊥, and the productM
2
ρB0(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) vanishes atMρ → 0
limit:
lim
Mρ→0
M2ρB0(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) = 0 . (B.7)
As for B
t,s
(p0 = p¯+ iǫ, p¯;Mρ, 0;T ), we obtain
lim
Mρ→0
B
t
(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) = −2I˜2(T ) ,
lim
Mρ→0
B
s
(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) = −2I˜2(T ) . (B.8)
In the static limit (p0 → 0), the functions M2ρB0(p0, p¯;Mρ, 0;T ) and B
t
(p0, p¯;Mρ, 0;T ) −
B
L
(p0, p¯;Mρ, 0;T ) become
lim
p0→0
M2ρB0(p0, p¯;Mρ, 0;T )
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= M2ρ
∫
d3k
(2π)3
−1
ω2ρ − (ωpπ)2
[
1
ωρ
1
eωρ/T − 1 −
1
ωpπ
1
eω
p
pi/T − 1
]
, (B.9)
lim
p0→0
[
B
t
(p0, p¯;Mρ, 0;T )− BL(p0, p¯;Mρ, 0;T )
]
=
∫
d3k
(2π)3
−4
ω2ρ − (ωpπ)2
[
ωρ
eωρ/T − 1 −
ωpπ
eω
p
pi/T − 1
]
. (B.10)
Taking the low momentum limits of these expressions, we obtain
lim
p¯→0
M2ρB0(p0 = 0, p¯;Mρ, 0;T ) = I˜2(T )− J˜21 (Mρ;T ), (B.11)
lim
p¯→0
[
B
t
(p0 = 0, p¯;Mρ, 0;T )− BL(p0 = 0, p¯;Mρ, 0;T )
]
= − 4
M2ρ
[
J˜2−1(Mρ;T )− I˜4(T )
]
. (B.12)
Moreover, in the VM limit (Mρ → 0), these are reduced to
lim
p¯→0
M2ρB0(p0 = 0, p¯;Mρ, 0;T )
Mρ→0→ 0,
lim
p¯→0
[
B
t
(p0 = 0, p¯;Mρ, 0;T )− BL(p0 = 0, p¯;Mρ, 0;T )
]
Mρ→0→ 2I˜2(T ) . (B.13)
We consider the functions B0 and B
µν
appearing in the two-point functions of Vµ and V µ.
B
t
and B
s
are calculated as
B
t
(p0, p¯; 0, 0;T ) = B
s
(p0, p¯; 0, 0;T ) = −2A0(0;T ) = −2I˜2(T ),
B
t
(p0, p¯;Mρ,Mρ;T ) = B
s
(p0, p¯;Mρ,Mρ;T ) = −2A0(Mρ;T ) = −2J˜21 (Mρ;T ).
(B.14)
The function B0 is expressed as
B0(p0, p¯;Mρ,Mρ;T )
=
∫
d3k
(2π)3
[−1
2ωρ
1
eωρ/T − 1
{
1
(ωρ − p0)2 − (ωpρ)2 +
1
(ωρ + p0)2 − (ωpρ)2
}
+
−1
2ωpρ
1
eω
p
ρ/T − 1
{
1
(ωpρ − p0)2 − ω2ρ
+
1
(ωpρ + p0)2 − ω2ρ
}]
, (B.15)
where we define
ωpρ =
√
|~k − ~p|2 +M2ρ . (B.16)
In the static limit (p0 → 0), the functions B0 and BL are expressed as
lim
p0→0
M2ρB0(p0, p¯;Mρ,Mρ;T )
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= M2ρ
∫
d3k
(2π)3
−1
ω2ρ − (ωpρ)2
[
1
ωρ
1
eωρ/T − 1 −
1
ωpρ
1
eω
p
ρ/T − 1
]
, (B.17)
lim
p0→0
B
L
(p0, p¯;Mρ,Mρ;T )
=
∫
d3k
(2π)3
1
~p · (2~k − ~p)
[
1
ωρ
1
eωρ/T − 1
{
4ω2ρ − ~p · (2~k − ~p)
}
− 1
ωpρ
1
eω
p
ρ/T − 1
{
4(ωpρ)
2 + ~p · (2~k − ~p)
}]
. (B.18)
Taking the low momentum limit (p¯→ 0), these expressions become
lim
p¯→0
M2ρB0(p0 = 0, p¯;Mρ,Mρ;T ) =
1
2
[
J˜0−1(Mρ;T )− J˜21 (Mρ;T )
]
, (B.19)
lim
p¯→0
B
L
(p0 = 0, p¯;Mρ,Mρ;T ) = − 2
[
M2ρ J˜
0
1 (Mρ;T ) + 2J˜
2
1 (Mρ;T )
]
. (B.20)
In the VM limit (Mρ → 0), these are reduced to
lim
p¯→0
M2ρB0(p0 = 0, p¯;Mρ,Mρ;T )
Mρ→0→ 0, (B.21)
lim
p¯→0
B
L
(p0 = 0, p¯;Mρ,Mρ;T )
Mρ→0→ − 4I˜2(T ). (B.22)
On the other hand, the functions B0, B
L − Bs and BT − Bs in the low momentum limit
(p¯→ 0) are given by
lim
p¯→0
B0(p0, p¯;Mρ,Mρ;T ) =
1
2
F˜ 23 (p0;Mρ;T ) , (B.23)
lim
p¯→0
[
B
L
(p0, p¯;Mρ,Mρ;T )− Bs(p0, p¯;Mρ,Mρ;T )
]
=
2
3
F˜ 43 (p0;Mρ;T ), (B.24)
lim
p¯→0
[
B
T
(p0, p¯;Mρ,Mρ;T )−Bs(p0, p¯;Mρ,Mρ;T )
]
=
2
3
F˜ 43 (p0;Mρ;T ), (B.25)
where the function F˜ n3 is defined in Appendix D.
Appendix C
Quantum Corrections
In this appendix we briefly summarize the quantum corrections to the two-point functions.
Let us define the functions B
(vac)
0 , B
(vac)µν and A
(vac)
0 by the following integrals [13]:
A
(vac)
0 (M) =
∫
dnk
i(2π)4
1
M2 − k2 , (C.1)
B
(vac)
0 (p;M1,M2) =
∫
dnk
i(2π)4
1
[M21 − k2][M22 − (k − p)2]
, (C.2)
B(vac)µν(p;M1,M2) =
∫
dnk
i(2π)4
(2k − p)µ(2k − p)ν
[M21 − k2][M22 − (k − p)2]
. (C.3)
In the present analysis it is important to include the quadratic divergences to obtain the
RGEs in the Wilsonian sense. Here, following Refs. [65, 64, 13], we adopt the dimensional
regularization and identify the quadratic divergences with the presence of poles of ultraviolet
origin at n = 2 [66]. This can be done by the following replacement in the Feynman integrals:∫
dnk
i(2π)n
1
−k2 →
Λ2
(4π)2
,
∫
dnk
i(2π)n
kµkν
[−k2]2 → −
Λ2
2(4π)2
gµν . (C.4)
On the other hand, the logarithmic divergence is identified with the pole at n = 4:
1
ǫ¯
+ 1→ ln Λ2 , (C.5)
where
1
ǫ¯
≡ 2
4− n − γE + ln(4π) , (C.6)
with γE being the Euler constant.
By using the replacements in Eqs. (C.4) and (C.5), the integrals in Eqs. (C.1), (C.2) and
(C.3) are evaluated as
A
(vac)
0 (M) =
Λ2
(4π)2
− M
2
(4π)2
ln
Λ2
M2
, (C.7)
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B
(vac)
0 (p
2;M1,M2) =
1
(4π)2
[
ln Λ2 − 1− F0(p2;M1,M2)
]
, (C.8)
B(vac)µν(p;M1,M2)
= −gµν 1
(4π)2
[
2Λ2 −M21 ln
Λ2
M21
−M22 ln
Λ2
M22
− (M21 −M22 )FA(p2;M1,M2)
]
− (gµνp2 − pµpν) 1
(4π)2
[
1
3
lnΛ2 − F0(p2;M1,M2) + 4F3(p2;M1,M2)
]
, (C.9)
where F0, FA and F3 are defined by
F0(s;M1,M2) =
∫ 1
0
dx ln
[
(1− x)M21 + xM22 − x(1− x)s
]
,
FA(s;M1,M2) =
∫ 1
0
dx (1− 2x) ln [(1− x)M21 + xM22 − x(1− x)s] ,
F3(s;M1,M2) =
∫ 1
0
dx x(1− x) ln [(1− x)M21 + xM22 − x(1− x)s] . (C.10)
We consider the quantum corrections denoted by Π(vac)µν [see Eq. (3.76)]. At tree level the
two-point functions of Aµ, Vµ and V µ are given by
Π
(tree)µν
⊥ (p) = F
2
π,bareg
µν + 2z2,bare(p
2gµν − pµpν) ,
Π
(tree)µν
‖ (p) = F
2
σ,bareg
µν + 2z1,bare(p
2gµν − pµpν) ,
Π
(tree)µν
V (p) = F
2
σ,bareg
µν − 1
g2bare
(p2gµν − pµpν) ,
Π
(tree)µν
V ‖ (p) = − F 2σ,baregµν + z3,bare(p2gµν − pµpν) . (C.11)
Thus the one-loop contributions to Π
(vac)µν
⊥ give the quantum corrections to F
2
π and z2. Simi-
larly, each of the one-loop contributions to Π
(vac)µν
‖ , Π
(vac)µν
V and Π
(vac)µν
V ‖ includes the quantum
corrections to two parameters shown above. For distinguishing the quantum corrections to two
parameters included in the two-point function, it is convenient to decompose each two-point
function as
Π(vac)µν(p) = Π(vac)S(p)gµν +Π(vac)LT (p)(gµνp2 − pµpν). (C.12)
It should be noticed that, since we use the Lagrangian with Lorentz invariance, the form of the
quantum corrections is Lorentz invariant. Then, the relation between four components given
in Eq. (5.17) and two components shown above are given by
Π(vac)t = Π(vac)s = Π(vac)S,
Π(vac)L = Π(vac)T = Π(vac)LT . (C.13)
Using the decomposition in Eq. (C.12), we identify Π
(vac)S
⊥(1-loop)(p
2) with the quantum correction
to F 2π , Π
(vac)LT
⊥(1-loop)(p
2) with that to z2, and so on. It should be noticed that the following relation
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is satisfied [64, 13]:
Π
(vac)S
V (p
2) = Π
(vac)S
‖ (p
2) = −Π(vac)SV ‖ (p2) . (C.14)
Then the quantum correction to F 2σ can be extracted from any of Π
µν
‖ , Π
µν
V and Π
µν
V ‖.
We note that in Refs. [64, 13] the finite corrections of Π
(vac)µν
(1-loop) are neglected by assuming
that they are small. In this paper we include these finite contributions in addition to the
divergent corrections. As in Refs. [68, 14], we adopt the on-shell renormalization condition.
They are expressed as #1:
Re
[
Π
(vac)S
⊥ (p
2 = 0)
]
= F 2π (µ = 0) , (C.15)
Re
[
Π
(vac)S
V (p
2 =M2ρ )
]
= F 2σ (µ =Mρ), (C.16)
Re
[
Π
(vac)LT
V (p
2 =M2ρ )
]
= − 1
g2(µ =Mρ)
, (C.17)
where µ denotes the renormalization point. Using the above renormalization conditions, we
can write the two-point functions as
Π
(vac)S
⊥ (p
2) = F 2π (0) + Π˜
S
⊥(p
2) ,
Π
(vac)S
V (p
2) = F 2σ (Mρ) + Π˜
S
V (p
2) ,
Π
(vac)LT
V (p
2) = − 1
g2(Mρ)
+ Π˜LTV (p
2) , (C.18)
where Π˜S⊥(p
2), Π˜SV (p
2) and Π˜LTV (p
2) denote the finite renormalization effects. Their explicit
forms are listed below. From the above renormalization conditions they satisfy
Π˜S⊥(p
2 = 0) = Re Π˜SV (p
2 = M2ρ ) = Re Π˜
LT
V (p
2 = M2ρ ) = 0 . (C.19)
Thus in the present renormalization scheme, all the quantum effects for the on-shell parameters
at leading order are included through the renormalization group equations.
#1In the framework of the ChPT with HLS, the renormalization point µ should be taken as µ ≥Mρ since the
vector meson decouples at µ = Mρ. Below the scale Mρ the parameter Fpi, which is expressed as F
(pi)
pi (µ) in
Refs. [64, 13], runs by the quantum correction from the pion loop alone. Then F 2pi (µ = 0) in the right-hand-side
of the renormalization condition Eq. (C.15) is defined by [F
(pi)
pi (µ = 0)]2. Due to the presence of the quadratic
divergence Fpi(Mρ) is not connected smoothly to F
(pi)
pi (Mρ). The relation between them is expressed as [64, 13]
[F
(pi)
pi (Mρ)]
2 = F 2pi (Mρ) + [Nf/(4pi)
2][a(Mρ)/2]M
2
ρ , where a(µ) for µ > Mρ is defined as a(µ) ≡ F 2σ (µ)/F 2pi (µ).
By using this relation, the renormalization condition (C.15) determines the condition for F 2pi (Mρ). Strictly
speaking, we should use Fpi(Mρ) in the calculations in the present analysis. However, the difference between
Fpi(0) and Fpi(Mρ) inside the loop correction coming from the finite renormalization effect is of higher order,
and we use Fpi(0) inside one-loop corrections in this paper.
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In the following, using the above functions, we summarize the quantum corrections to
two components Π(vac)S and Π(vac)LT of the two-point functions Π
(vac)µν
⊥ , Π
(vac)µν
‖ , Π
(vac)µν
V and
Π
(vac)µν
V ‖ which are defined in Eq. (C.12). For Aµ-Aν two-point function, we obtain
Π
(vac)S
⊥(1-loop)(p
2) = − Nf
(4π)2
[2− a
2
Λ2 +
3
4
aM2ρ ln Λ
2 +
1
4
aM2ρ lnM
2
ρ
− aM2ρ
{
1 + F0(p
2;Mρ, 0) +
1
4
FA(p
2;Mρ, 0)
}]
,
Π
(vac)LT
⊥(1-loop)(p
2) = − Nf
(4π)2
a
4
[1
3
lnΛ2 − F0(p2;Mρ, 0) + 4F3(p2;Mρ, 0)
]
. (C.20)
Corrections to Vµ-Vν two-point function are given by
Π
(vac)S
‖(1-loop)(p
2) = − Nf
(4π)2
[a2 + 1
4
Λ2 +
3
4
M2ρ lnM
2
ρ +M
2
ρ
{1
4
lnM2ρ − 1− F0(p2;Mρ,Mρ)
}]
,
Π
(vac)LT
‖(1-loop)(p
2) = − Nf
(4π)2
1
8
[a2 − 4a+ 5
3
lnΛ2 − F0(p2;Mρ,Mρ)
+ 4F3(p
2;Mρ,Mρ)− 4(2− a)2 lnM2ρ
]
. (C.21)
As for V µ-V ν we have
Π
(vac)S
V (1-loop)(p
2) = Π
(vac)S
‖(1-loop)(p
2),
Π
(vac)LT
V (1-loop)(p
2) = − Nf
(4π)2
[a2 − 87
24
lnΛ2 + 4 +
23
8
F0(p
2;Mρ,Mρ)
+
9
2
F3(p
2;Mρ,Mρ)− a
2
8
{
F0(p
2; 0, 0)− 4F3(p2; 0, 0)
}]
.(C.22)
Finally, corrections to V µ-Vν two-point function are expressed as
Π
(vac)S
V ‖(1-loop)(p
2) = −Π(vac)S‖(1-loop)(p2),
Π
(vac)LT
V ‖(1-loop)(p
2) = − Nf
(4π)2
1
8
[1 + 2a− a2
3
lnΛ2 − a(2− a) lnM2ρ
− F0(p2;Mρ,Mρ) + 4F3(p2;Mρ,Mρ)
]
. (C.23)
The renormalization conditions in Eqs. (C.15)- (C.17) lead to the following relations among
the bare and renormalized parameters:
F 2π,bare −
Nf
4(4π)2
[2(2− a)Λ2 + 3aM2ρ ln Λ2]
= F 2π (0)−
Nf
4(4π)2
aM2ρ [3 lnM
2
ρ +
1
2
], (C.24)
F 2σ,bare −
Nf
4(4π)2
[(a2 + 1)Λ2 + 3M2ρ ln Λ
2]
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= F 2σ (Mρ)−
Nf
4(4π)2
M2ρ [3 lnM
2
ρ − 4(1−
√
3 tan−1
√
3)], (C.25)
1
g2bare
− Nf
(4π)2
87− a2
24
lnΛ2
=
1
g2(Mρ)
− Nf
8(4π)2
[
87− a2
3
lnM2ρ −
147− 5a2
9
+ 41
√
3 tan−1
√
3]. (C.26)
From these relations, we obtain the RGEs for the parameters Fπ, g and a as [64]
µ
dFπ
2
dµ
=
Nf
2(4π)2
[
3a2g2Fπ
2 + 2(2− a)µ2
]
, (C.27)
µ
da
dµ
= − Nf
2(4π)2
(a− 1)
[
3a(a+ 1)g2 − (3a− 1) µ
2
Fπ
2
]
, (C.28)
µ
dg2
dµ
= − Nf
2(4π)2
87− a2
6
g4. (C.29)
The finite renormalization effects of the two-point functions are expressed as
Π˜S⊥(p
2) =
Nf
(4π)2
aM2ρ
[
−
(
1− M
2
ρ
4p2
){
1−
(
1− M
2
ρ
p2
)
ln
(
1− p
2
M2ρ
)}
− 1
8
]
, (C.30)
Π˜SV (p
2) =
Nf
(4π)2
M2ρ
[
−
√
3 tan−1
√
3 + 2
√
4M2ρ − p2
p2
tan−1
√
p2
4M2ρ − p2
]
, (C.31)
Π˜LTV (p
2) =
Nf
8(4π)2
[a2
3
ln
(−p2
M2ρ
)
− 24
(
1− M
2
ρ
p2
)
+ 41
√
3 tan−1
√
3
− 2(12M
2
ρ + 29p
2)
p2
√
4M2ρ − p2
p2
tan−1
√
p2
4M2ρ − p2
]
. (C.32)
Appendix D
Functions
In this appendix, we list the integral forms of the functions which appear in the expressions of
the physical quantities and the several limits of the loop integrals shown in Appendix B. The
functions I˜n(T ) and J˜
n
m(M ;T ) (n, m: integers) are given by
I˜n(T ) =
∫
d3k
(2π)3
|~k|n−3
ek/T − 1 =
1
2π2
IˆnT
n ,
Iˆ2 =
π2
6
, Iˆ4 =
π4
15
, (D.1)
J˜nm(M ;T ) =
∫
d3k
(2π)3
1
eω/T − 1
|~k|n−2
ωm
, (D.2)
where
ω =
√
k2 +M2 . (D.3)
The functions F˜ n3 (p0;M ;T ) and G˜n(p0;T ), which appear in the vector meson pole mass in
section 5.2, are defined as
F˜ n3 (p0;M ;T ) =
∫
d3k
(2π)3
1
eω/T − 1
4|~k|n−2
ω(4ω2 − p02) ,
G˜n(p0;T ) =
∫
d3k
(2π)3
|~k|n−3
ek/T − 1
4|~k|2
4|~k|2 − p02
. (D.4)
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Appendix E
Temporal and Spatial Parts of
Two-point Function
In this appendix, we show that the temporal and spatial components of the two-point function
Π
(vac)µν
⊥ are independent of the external momentum in the VM limit.
From Eq. (5.60), Π
(vac)(b)µν
⊥ is rewritten as
Π
(vac)(b)µν
⊥ (p0, p¯) = Nf
at
4
Xµµ¯X
ν
ν¯B
(vac)µ¯ν¯(p0, p¯;Mρ, 0)
≡ Nf a
t
4
B˜(vac)µν(p0, p¯;Mρ, 0), (E.1)
where we define
Xµµ¯ = u
µuµ¯ + V
2
σ (g
µ
µ¯ − uµuµ¯). (E.2)
In the above expression, we define the function B(vac)µν contributed to the diagram (b) in
Fig. 5.1 as
B(vac)µν(p0, p¯;Mρ, 0)
=
∫
dk0
i(2π)
∫
d3k¯
(2π)3
(2k − p)µ(2k − p)ν
[k20 − ω2π][(k0 − p0)2 − (ωpρ)2]
, (E.3)
with
ω2π = V
2
π k¯
2,
(ωpρ)
2 = V 2σ |~k − ~p|2 +M2ρ . (E.4)
In terms of each components of B(vac)µν , the temporal and spatial parts of B˜µν are given by
B˜(vac)t(p0, p¯;Mρ, 0)
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=
[
B(vac)t(p0, p¯;Mρ, 0) + (1− V 2σ )
p¯2
p2
B(vac)L(p0, p¯;Mρ, 0)
]
,
B˜(vac)s(p0, p¯;Mρ, 0)
= V 4σ
[
B(vac)s(p0, p¯;Mρ, 0) +
1− V 2σ
V 2σ
p20
p2
B(vac)L(p0, p¯;Mρ, 0)
]
. (E.5)
By using the expressions in Appendix B, the componets B(vac)t, B(vac)s and B(vac)L take the
following forms:
B(vac)t(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
[ −1
2ωπ
(2ωπ − p0)2
(ωπ − p0)2 − (ωpρ)2 +
−1
2ωpρ
(2ωpρ + p0)
2
(ωpρ + p0)2 − ω2π
− ~p · (2
~k − ~p)
p0
{
1
2ωπ
2ωπ − p0
(ωπ − p0)2 − (ωpρ)2 +
1
2ωpρ
2ωpρ + p0
(ωpρ + p0)2 − ω2π
}]
,
B(vac)s(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
[
(2~k · ~p− p¯2)2
p¯2
{
1
2ωπ
1
(ωπ − p0)2 − (ωpρ)2 +
1
2ωpρ
1
(ωpρ + p0)2 − ω2π
}
+
p0~p · (2~k − ~p)
p¯2
{
1
2ωπ
2ωπ − p0
(ωπ − p0)2 − (ωpρ)2 +
1
2ωpρ
2ωpρ + p0
(ωpρ + p0)2 − ω2π
}]
,
B(vac)L(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
p2~p · (2~k − ~p)
p0p¯2
[
1
2ωπ
2ωπ − p0
(ωπ − p0)2 − (ωpρ)2 +
1
2ωpρ
2ωpρ + p0
(ωpρ + p0)2 − ω2π
]
. (E.6)
Now we take the VM limit. Note that the VM condition for at and as implies that σ
velocity becomes equal to the pion velocity, Vσ → Vπ for T → Tc as shown in Eq. (5.21). The
components B(vac)t, B(vac)s and B(vac)L are calculated as follows:
lim
VM
B(vac)t(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
−1
ωπ
I(k¯; p0, p¯) + ~p · (2~k − ~p)J (k¯; p0, p¯)
[(ωπ − p0)2 − (ωpπ)2][(ωπ + p0)2 − (ωpπ)2] , (E.7)
lim
VM
B(vac)s(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
1
ωπ
1
p¯2
1
[(ωπ − p0)2 − (ωpπ)2][(ωπ + p0)2 − (ωpπ)2]
×
[(
~p · (2~k − ~p))2K(k¯; p0, p¯) + p20~p · (2~k − ~p)J (k¯; p0, p¯)
]
, (E.8)
lim
VM
B(vac)L(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
1
ωπ
p2
p¯2
~p · (2~k − ~p)J (k¯; p0, p¯)
[(ωπ − p0)2 − (ωpπ)2][(ωπ + p0)2 − (ωpπ)2] , (E.9)
where we define the functions as
I(k¯; p0, p¯) = ω2π[4ω2π − 4(ωpπ)2 − 3p20] + p20[p20 − (ωpπ)2],
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J (k¯; p0, p¯) = −p0[−3ω2π + p20 − (ωpπ)2],
K(k¯; p0, p¯) = ω2π + p20 − (ωpπ)2. (E.10)
Using Eqs. (E.7)-(E.9) with these functions, we obtain B˜(vac)t,s as
lim
VM
B˜(vac)t(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
−1
ωπ
I(k¯; p0, p¯) + V 2π ~p · (2~k − ~p)J (k¯; p0, p¯)
[(ωπ − p0)2 − (ωpπ)2][(ωπ + p0)2 − (ωpπ)2] , (E.11)
lim
VM
B˜(vac)s(p0, p¯;Mρ, 0)
=
∫
d3k
(2π)3
1
ωπ
1
V 2π p¯
2
1
[(ωπ − p0)2 − (ωpπ)2][(ωπ + p0)2 − (ωpπ)2]
×
[(
V 2π ~p · (2~k − ~p)
)2
K(k¯; p0, p¯) + p20V 2π ~p · (2~k − ~p)J (k¯; p0, p¯)
]
. (E.12)
The integrand of the functions B˜(vac)t and B˜(vac)s in the VM limit are same as those of B(vac)t
and B(vac)s with Vπ = 1 when we make the following replacement in B˜
(vac)t,s:
Vπk¯ → k¯, Vπ|~k − ~p| → |~k − ~p|. (E.13)
The functions B(vac)t,s with Mρ → 0 are independent of the external momentum p0 and p¯ [see
Appendix B] #1. Thus we find that the functions B˜(vac)t and B˜(vac)s in the VM limit are
obtained independently of the external momentum p0 and p¯:
lim
VM
B˜(vac)t(p0, p¯;Mρ, 0) = − 1
Vπ
Λ2
8π2
,
lim
VM
B˜(vac)s(p0, p¯;Mρ, 0) = −Vπ Λ
2
8π2
. (E.14)
#1In Ref. [15] where Vpi = 1 was taken, it was shown that the hadronic corrections Π¯
t,s
⊥ (p0, p¯;T ) at the VM
limit are independent of the external momentum p0 and p¯. The structure of the integrand in the vacuum part
is the same as that in the hadronic part except for the absence of the Bose-Einstein distribution function. Thus
the vacuum part is also independent of p0 and p¯.
Appendix F
Current Correlator in Operator
Product Expansion
In this appendix, following Ref. [76] where the current correlator is discussed using the OPE
in dense matter, we determine the Lorentz non-invariant effect in bare pion velocity Vπ,bare
through the Wilsonian matching. The tensor structure of the current correlator with Lorentz
non-scalar operators in dense matter is same as that in hot matter. Thus in order to obtain
the current correlator in terms of OPE variables, we simply make a replacement of the matrix
element in dense matter with the one in hot matter.
The axial-vector current correlator GµνA obtained from the OPE in dense matter is given
by [76]
GµνA (q0, q¯) = (q
µqν − gµνq2)−1
4
[
1
2π2
(
1 +
αs
π
)
ln
(
Q2
µ2
)
+
1
6Q4
〈αs
π
G2
〉
ρ
− 2παs
Q6
〈(
u¯γµγ5λ
au− d¯γµγ5λad
)2〉
ρ
− 4παs
9Q6
〈(
u¯γµλ
au+ d¯γµλ
ad
) u,d,s∑
q
q¯γµλ
aq
〉
ρ
]
+
∑
τ=2
∑
k=1
[−gµνqµ1qµ2 + gµµ1qνqµ2 + qµqµ1gνµ2 + gµµ1gνµ2Q2]
×qµ3 · · · qµ2k 2
2k
Q4k+τ−2
A2k+τ,τµ1···µ2k
+
∑
τ=2
∑
k=1
[
gµν − q
µqν
q2
]
qµ1 · · · qµ2k 2
2k
Q4k+τ−2
C2k+τ,τµ1···µ2k . (F.1)
with Q2 = −q2. τ = d− s denotes the twist, where s = 2k is the number of spin indices of the
operator of dimension d. When we consider the operators of (τ, s) = (2, 2) and (2, 4), GµνA has
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A4,2αβ and A
6,2
αβλσ defined by
#1
A4,2αβ =
(
pαpβ − 1
4
gαβp
2
) ρ
2m
A4,22 ,
A6,2αβλσ =
[
pαpβpλpσ − p
2
8
(pαpβgλσ + pαpλgβσ + pαpσgλβ + pβpλgασ
+ pβpσgαλ + pλpσgαβ) +
p4
48
(gαβgλσ + gαλgβσ + gασgβλ)
] ρ
2m
A6,24 , (F.2)
where ρ denotes the nuclear density and m the nucleon mass, and pµ is the nucleon momentum
and we take pµ = muµ = m(1,~0). From Eq. (F.2), we have the following expressions of G
L(0)
A
and G
L(1)
A [76]
#2:
G
(OPE)L(0)
A (−q2) =
−1
3
gµνG
(OPE)(0)
A,µν
=
−1
4
[
1
2π2
(
1 +
αs
π
)
ln
(
Q2
µ2
)
+
1
6Q4
〈αs
π
G2
〉
ρ
− 2παs
Q6
〈(
u¯γµγ5λ
au− d¯γµγ5λad
)2〉
ρ
− 4παs
9Q6
〈(
u¯γµλ
au+ d¯γµλ
ad
) u,d,s∑
q
q¯γµλ
aq
〉
ρ
]
+
ρm
(−q2)2A
u+d
2 −
5
3
ρm3
(−q2)3A
u+d
4 , (F.3)
G
(OPE)L(1)
A (−p2) = 2ρm3
Au+d4
q8
. (F.4)
Following the same procedure done in section 4.2, we obtain the matching condition on the
bare pion velocity:
1− V 2π,bare =
1
G0
2ρm3
Λ6
Au+d4 , (F.5)
where we define G0 as
G0 ≡ 1
8π2
[(
1 +
αs
π
)
+
2π2
3
〈αs
π
G2〉ρ
Λ4
+ π3
1408
27
αs〈q¯q〉2ρ
Λ6
]
#1Eq. (8) in Ref. [76] does not have the factor ρ2m . In the following, we explain the reason why this factor
ρ
2m
appears in Eq. (F.2): In the linear density approximation, the matrix element of an operator Aˆ is expressed as
〈G|Aˆ|G〉 = 〈0|Aˆ|0〉+ ρ2m 〈p|Aˆ|p〉 where |G〉 denotes the ground state of nuclear matter [76]. The first term on
the right-hand-side is the vacuum expectation value, which vanishes for operators with spin. In the second term
|p〉 denotes a nucleon state with momentum p. In the present analysis, we consider the operators with spin
2 and spin 4 which are dominant to the Lorentz non-invariant effect. The matrix elements of these operators
with spin s are expressed as A˜s ≡ 〈G|Aˆs|G〉 = ρ2m 〈p|Aˆs|p〉 ≡ ρ2mAs. A2,4 in Eq. (8) in Ref. [76] correspond to
A˜2,4. In terms of As, Aαβ is expressed as A
4,2
αβ = (pαpβ − 14gαβp2)A˜4,22 = (pαpβ − 14gαβp2) ρ2mA4,22 as showen in
Eq. (F.2).
#2The expression of Eq. (F.4) is obtained from Eqs. (11) and (14) in Ref. [76], where we neglect the O(αs)
terms in A4,2αβ and A
6,2
αβλσ.
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+
2ρm
Λ4
Au+d2 −
5ρm3
Λ6
Au+d4 . (F.6)
In the above analysis, we consider the OPE in dense matter. The quantity in hot matter
corresponding to ρm3 in Eq. (F.5) is determined as follows: From Eq. (F.1), the term of
(τ, s) = (2, 4) is expressed as [76]
1
q2
G
(1)
A µ
µ|τ=2,s=4 = −GL(1)A |τ=2,s=4 − 2GT (1)A |τ=2,s=4
≃ −20ρm
3
(−q2)4A
u+d
4 . (F.7)
On the other hand, the same matrix element in hot matter is expressed as [75]
1
q2
GAµ
µ|τ=2,s=4 = −8iq
µqνqλqσ
Q10
〈(
u¯γµDνDλDσu+ d¯γµDνDλDσd
)〉
T
=
16 · 3
5
[
16π4T 6
63
B3
(mπ
T
)
− π
2m2πT
4
10
B2
(mπ
T
)
+
m4πT
2
48
B1
(mπ
T
)]
×q
µqνqλqσ
Q10
(
uµuνuλuσ − traces
)
Au+d4 , (F.8)
where the functions B1, B2 and B3 are defined by
B1(z) =
6
π2
∫ ∞
z
dy
√
y2 − z2 1
ey − 1 ,
B2(z) =
15
π4
∫ ∞
z
dy y2
√
y2 − z2 1
ey − 1 ,
B3(z) =
63
8π6
∫ ∞
z
dy y4
√
y2 − z2 1
ey − 1 ,
Au+d4 (µ
2 = 1GeV2) = 0.255 . (F.9)
The momentum dependent part of Eq. (F.8) is expanded around q¯ = 0 as
qµqνqλqσ
Q10
(
uµuνuλuσ − traces
)
=
5
16
1
(−q2)3 −
5
4
1
(−q2)4 q¯
2 + · · · . (F.10)
From Eqs. (F.8) and (F.10), G
(1)
A µ
µ
with (τ, s) = (2, 4) takes the form
1
q2
G
(1)
A µ
µ|τ=2,s=4
= − 12
(−q2)4
[
16π4T 6
63
B3
(mπ
T
)
− π
2m2πT
4
10
B2
(mπ
T
)
+
m4πT
2
48
B1
(mπ
T
)]
Au+d4 . (F.11)
Comparing this expression with Eq. (F.7), we find the following correspondence:
ρm3 ⇔ 3
5
[
16π4T 6
63
B3
(mπ
T
)
− π
2m2πT
4
10
B2
(mπ
T
)
+
m4πT
2
48
B1
(mπ
T
)]
. (F.12)
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Thus the expression in hot matter corresponding to Eq. (F.5) is obtained as
1− V 2π,bare
=
1
G0
6
5
[
16π4T 6
63
B3
(mπ
T
)
− π
2m2πT
4
10
B2
(mπ
T
)
+
m4πT
2
48
B1
(mπ
T
)] 1
Λ6
Au+d4 . (F.13)
Taking mπ = 0, Eq. (F.13) is rewritten into the same form as Eq. (4.31).
Appendix G
Hadronic Thermal Corrections to
Susceptibilities
In this appendix we summarize the hadronic thermal corrections to the two-point functions of
Aµ-Aν , V µ-V ν , Vµ-Vν and V µ-Vν .
The four components of the hadronic thermal corrections to the two point function of
Aµ-Aν , Π⊥, are expressed as
Π¯t⊥(p0, p¯;T ) = Nf(a− 1)A¯0(0, T )−NfaM2ρ B¯0(p0, p¯;Mρ, 0;T )
+Nf
a
4
B¯t(p0, p¯;Mρ, 0;T ) , (G.1)
Π¯s⊥(p0, p¯;T ) = Nf(a− 1)A¯0(0, T )−NfaM2ρ B¯0(p0, p¯;Mρ, 0;T )
+Nf
a
4
B¯s(p0, p¯;Mρ, 0;T ) , (G.2)
Π¯L⊥(p0, p¯;T ) = Nf
a
4
B¯L(p0, p¯;Mρ, 0;T ) , (G.3)
Π¯T⊥(p0, p¯;T ) = Nf
a
4
B¯T (p0, p¯;Mρ, 0;T ) . (G.4)
The two components Π¯t and Π¯s of hadronic thermal corrections to the two-point functions
of V µ-V ν , Vµ-Vν and V µ-Vν are written as
Π¯tV (p0, p¯;T ) = Π¯
s
V (p0, p¯;T )
= Π¯t‖(p0, p¯;T ) = Π¯
s
‖(p0, p¯;T )
= −Π¯tV ‖(p0, p¯;T ) = −Π¯sV ‖(p0, p¯;T )
= −Nf 1
4
[
A¯0(Mρ;T ) + a
2A¯0(0;T )
]−NfM2ρ B¯0(p0, p¯;Mρ,Mρ;T ) . (G.5)
Among the remaining components only Π¯L‖ is relevant to the present analysis. This is given
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by
Π¯L‖ (p0, p¯;T ) = Nf
1
8
B¯L(p0, p¯;Mρ,Mρ;T ) +Nf
(2− a)2
8
B¯L(p0, p¯; 0, 0;T ) . (G.6)
For obtaining the pion decay constants and velocity in subection 3.4.2 we need the limit
of p0 = p¯ of Π¯
t
⊥ and Π¯
s
⊥ in Eqs. (G.1) and (G.2). With Eq. (G.16), Π¯
t
⊥ and Π¯
s
⊥ reduce to the
following forms in the limit Mρ → 0 and a→ 1:
Π¯t⊥(p0 = p¯+ iǫ, p¯;T ) −→
Mρ→0, a→1
−Nf
2
J˜21 (0;T ) = −
Nf
24
T 2 ,
Π¯s⊥(p0 = p¯+ iǫ, p¯;T ) −→
Mρ→0, a→1
−Nf
2
J˜21 (0;T ) = −
Nf
24
T 2 . (G.7)
In the static–low-momentum limits of the functions listed in Eq. (G.17), the (Π¯t⊥ − Π¯L⊥)
appearing in the axial-vector susceptibility becomes
lim
p¯→0
lim
p0→0
[
Π¯t⊥(p0, p¯;T )− Π¯L⊥(p0, p¯;T )
]
= −Nf J˜21 (0;T ) +Nfa J˜21 (Mρ;T )−Nf
a
M2ρ
[
J˜2−1(Mρ;T )− J˜2−1(0;T )
]
. (G.8)
For the functions appearing in the vector susceptibility relevant to the present analysis we have
lim
p¯→0
lim
p0→0
[
Π¯tV (p0, p¯;T )
]
= −Nf
4
[
2J˜0−1(Mρ;T )− J˜21 (Mρ;T ) + a2 J˜21 (0;T )
]
, (G.9)
lim
p¯→0
lim
p0→0
[
Π¯L‖ (p0, p¯;T )
]
= −Nf 1
4
[
M2ρ J˜
0
1 (Mρ;T ) + 2J˜
2
1 (Mρ;T )
]
−Nf (2− a)
2
2
J˜21 (0;T ) . (G.10)
In the following, we list the explicit forms of the functions that figure in the hadronic
thermal corrections, A¯0, B¯0 and B¯
µν in various limits relevant to the present analysis.
The function A¯0(M ;T ) is expressed as
A¯0(M ;T ) = J˜
2
1 (M ;T ) , (G.11)
where J˜21 (M ;T ) is defined by
J˜nl (M ;T ) =
∫
d3~k
(2π)3
1
eω(~k;M)/T − 1
|~k|n−2
[ω(~k;M)]l
, (G.12)
with l and n being integers and ω(~k;M) ≡
√
M2 + |~k|2. In the massless limit M = 0, the
above integration can be performed analytically. Here we list the result relevant to the present
analysis:
J˜21 (0;T ) = J˜
0
−1(0;T ) =
1
12
T 2 . (G.13)
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It is convenient to decompose B¯µν into four components as done for Πµν⊥ in Eq. (5.17):
B¯µν = uµuνB¯t + (gµν − uµuν)B¯s + P µνL B¯L + P µνT B¯T . (G.14)
We note here that, by explicit computations, the following relations are satisfied:
B¯t(p0, p¯;M,M ;T ) = B¯
s(p0, p¯;M,M ;T ) = −2A¯0(M ;T ) = −2J˜21 (M ;T ) . (G.15)
To obtain the pion decay constants and velocity in Section 3.4.2 we need the limit of p0 = p¯
of the functions in Eqs. (G.1) and (G.2). As for the functions M2ρ B¯0, B¯
t and B¯s appearing in
Eqs. (G.1) and (G.2), we find that, in the limit of Mρ going to zero, they reduce to
M2ρ B¯0(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) −→
Mρ→0
0 ,
B¯t(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) −→
Mρ→0
−2J˜21 (0;T ) = −
1
6
T 2 ,
B¯s(p0 = p¯+ iǫ, p¯;Mρ, 0;T ) −→
Mρ→0
−2J˜21 (0;T ) = −
1
6
T 2 . (G.16)
The static–low-momentum limits of the functions appearing in the corrections to the axial-
vector and vector susceptibility are summarized as
lim
p¯→0
lim
p0→0
[
M2ρ B¯0(p0, p¯;Mρ, 0;T )
]
= −J˜21 (Mρ;T ) + J˜21 (0;T ) ,
lim
p¯→0
lim
p0→0
[
B¯t(p0, p¯;Mρ, 0;T )− B¯L(p0, p¯;Mρ, 0;T )
]
=
−4
M2ρ
[
−J˜2−1(Mρ;T ) + J˜2−1(0;T )
]
,
lim
p¯→0
lim
p0→0
[
M2ρ B¯0(p0, p¯;Mρ,Mρ;T )
]
=
1
2
[
J˜0−1(Mρ;T )− J˜21 (Mρ;T )
]
,
lim
p¯→0
lim
p0→0
[
B¯L(p0, p¯;Mρ,Mρ;T )
]
= −2M2ρ J˜01 (Mρ;T )− 4J˜21 (Mρ;T ) ,
lim
p¯→0
lim
p0→0
[
B¯L(p0, p¯; 0, 0;T )
]
= −4J˜21 (0;T ) . (G.17)
Appendix H
Explicit Calculation of Quantum
Correction to ∆M
In this appendix, we compute the quantum effects on the masses of 0− (P ) and 0+ (Q∗) heavy-
light M-mesons by calculating the one-loop corrections to the two-point functions of P and
Q∗ denoted by ΠPP and ΠQ∗Q∗ . Here we adopt the following regularization method to identify
the power divergences: We first perform the integration over the temporal component of the
integration momentum, and then in the remaining integration over three-momentum we make
the replacements given by∫ Λ d3~k
(2π)3
1
k¯2
→ Λ
2
√
2π2
,
∫ Λ d3~k
(2π)3
1
k¯
→ Λ
2
8π2
,
∫ Λ d3~k
(2π)3
→ Λ
3
12
√
2π2
. (H.1)
Here we use the t’Hooft-Feynman gauge for fixing the gauge of the HLS.
The diagrams contributing to ΠPP are shown in Fig. H.1. In the limit of zero external
P
_
σ
P
P
(a) (c)
P
ρ
P P
_
P
_
σ
P
Q
(d)
P
_
pi
P
(e)
Q*
(f)
Q
ρ
P P
_
P
_
pi
P
(b)
P*
Figure H.1: Diagrams contributing to P -P two point function.
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Q*
_
pi
(b)
Q*
Q
(c)
Q*
ρ
Q*
_
Q*
Q*
_
pi
(e)
P
Q*Q*
_
σ
P*
(d)
_
σ
(a)
Q*Q* Q*
Q*
(f)
P*
ρ
Q*
_Q*
Figure H.2: Diagrams contributing to Q∗-Q∗ two point function.
momentum, the divergent parts of these contributions are given by
Π
(a)[σP ]
PP
∣∣∣
div
=
2k2
F 2σ
[
− MH
(4π)2
(
Λ2 − 2Mρ ln Λ
)
+
M2H
4π2
(
Λ√
2
−MH ln Λ
)]
,
Π
(b)[πP ∗]
PP
∣∣∣
div
=
2k2
F 2π
[
Λ3
24
√
2π2
− MH
(4π)2
Λ2 +
M2H
4π2
(
Λ√
2
−MH ln Λ
)]
,
Π
(c)[ρP ]
PP
∣∣∣
div
=
g2
2π2
(1− k)2
(
Λ√
2
−MH ln Λ
)
,
Π
(d)[σQ]
PP
∣∣∣
div
=
2k2
F 2σ
[
Λ3
24
√
2π2
− MG
(4π)2
(
Λ2 − 2M2ρ ln Λ
)
+
M2G −M2ρ
4π2
(
Λ√
2
−MG ln Λ
)]
,
Π
(e)[πQ∗]
PP
∣∣∣
div
=
2k2
F 2π
[
− MG
(4π)2
Λ2 +
M2G
4π2
(
Λ√
2
−MG lnΛ
)]
,
Π
(f)[ρQ]
PP
∣∣∣
div
=
3g2
2π2
k2
(
Λ√
2
−MG ln Λ
)
. (H.2)
The particles that figure in the loop are indicated by the suffix in square bracket; e.g., [πP ∗]
indicates that π and P ∗ enter in the internal lines. Here and henceforth, we suppress, for
notational simplification, the group factor C2(Nf) defined as (Ta)ij(Ta)jl = C2(Nf)δil.
The relevant diagrams contributing to ΠQ∗Q∗ are shown in Fig. H.2. The divergent parts
of these contributions in the low-energy limit are expressed as
Π
(a)[σQ∗]
Q∗Q∗
∣∣∣
div
=
2k2
F 2σ
[
− MG
(4π)2
(
Λ2 − 2M2ρ ln Λ
)
+
M2G
4π2
(
Λ√
2
−MG ln Λ
)]
,
Π
(b)[πQ]
Q∗Q∗
∣∣∣
div
=
2k2
F 2π
[
Λ3
24
√
2π2
− MG
(4π)2
Λ2 +
M2G
4π2
(
Λ√
2
−MG ln Λ
)]
,
Π
(c)[ρQ∗]
Q∗Q∗
∣∣∣
div
=
g2
2π2
(1− k)2
(
Λ√
2
−MG ln Λ
)
,
Π
(d)[σP ∗]
Q∗Q∗
∣∣∣
div
=
2k2
F 2σ
[
Λ3
24
√
2π2
− MH
(4π)2
(
Λ2 − 2M2ρ ln Λ
)
+
M2H −M2ρ
4π2
(
Λ√
2
−MH ln Λ
)]
,
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Π
(e)[πP ]
Q∗Q∗
∣∣∣
div
=
2k2
F 2π
[
− MH
(4π)2
Λ2 +
M2H
4π2
(
Λ√
2
−MH ln Λ
)]
,
Π
(f)[ρP ∗]
Q∗Q∗
∣∣∣
div
=
3g2
2π2
k2
(
Λ√
2
−MH ln Λ
)
. (H.3)
Now, let us compute the difference of ΠQ∗Q∗ − ΠPP .
It is easy to show that Π
(b+e)
PP
∣∣∣
div
exactly cancels with Π
(b+e)
Q∗Q∗
∣∣∣
div
. From the explicit forms
given in Eqs. (H.2) and (H.3), we have
Π
(b)[πQ]
Q∗Q∗ − Π(e)[πQ
∗]
PP
∣∣∣
div
=
2k2
F 2π
Λ3
24
√
2π2
,
Π
(e)[πP ]
Q∗Q∗ − Π(b)[πP
∗]
PP
∣∣∣
div
= −2k
2
F 2π
Λ3
24
√
2π2
. (H.4)
Note that the logarithmic, linear and quadratic divergences in ΠQ∗Q∗ are exactly canceled by
those in ΠPP . This cancellation simply reflects that the external particles are chiral partners.
This immediately leads to
Π
(b+e)
Q∗Q∗ − Π(b+e)PP
∣∣∣
div
= 0 . (H.5)
The cubic divergence in ΠQ∗Q∗ is exactly canceled by that in ΠPP , reflecting that the internal
particles are chiral partners to each other.
In a similar way, a partial cancellation takes place between Π
(a)
Q∗Q∗ and Π
(d)
PP as well as
between Π
(d)
Q∗Q∗ and Π
(a)
PP :
Π
(a)[σQ∗]
Q∗Q∗ − Π(d)[σQ]PP
∣∣∣
div
=
2k2
F 2σ
[
− Λ
3
24
√
2π2
+
M2ρ
4π2
(
Λ√
2
−MG ln Λ
)]
,
Π
(d)[σP ∗]
Q∗Q∗ −Π(a)[σP ]PP
∣∣∣
div
=
2k2
F 2σ
[
Λ3
24
√
2π2
− M
2
ρ
4π2
(
Λ√
2
−MH lnΛ
)]
. (H.6)
These lead to
Π
(a+d)
Q∗Q∗ − Π(a+d)PP
∣∣∣
div
= −g2 k
2
2π2
(MG −MH) lnΛ , (H.7)
where we used M2ρ = g
2F 2σ . The remaining contributions sum to
Π
(c+f)
Q∗Q∗ − Π(c+f)PP
∣∣∣
div
= −g21− 2k − 2k
2
2π2
(MG −MH) lnΛ . (H.8)
By summing up the contributions in Eqs. (H.5), (H.7) and (H.8), we obtain the divergent
part of the correction to the mass difference:
ΠQ∗Q∗ − ΠPP
∣∣∣
div
= −C2(Nf ) g
2
2π2
(
1− 2k − k2
)
(MG −MH) lnΛ , (H.9)
where we reinstated the group factor C2(Nf). The logarithmic divergence in the above expres-
sion is renormalized by the bare contribution given by
ΠQ∗Q∗ − ΠPP
∣∣∣
bare
= ∆Mbare . (H.10)
APPENDIX H. EXPLICIT CALCULATION OF QUANTUM CORRECTION TO ∆M 132
Thus the RGE for the mass difference ∆M = MG −MH has the following form:
µ
d∆M
dµ
= C2(Nf) g
2
2π2
(
1− 2k − k2
)
∆M. (H.11)
We should stress that this RGE is exactly the same as the one in Eq. (6.32) obtained by setting
a = 1, i.e., Fσ = Fπ.
Note that the complete cancellation of π- and σ-loop contributions occurs even when we
take into account finite renormalization effects.
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